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Abstract

In this paper, two new types of orthogonality from the generalized Carlssion orthogonality have been studied and some
properties of orthogonality in Banach spaces are verified and as best implies Birkhoff orthogonality and Birkhoff
orthogonality implies best approximation, in this paper, Pythagorean orthogonality also implies best approximation has
been proved.
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1. Introduction

Orthogonality is one of the most important concepts in the theory of inner product spaces. Let
X be an inner product space. Then a vector x € X is said to be orthogonal to the vector
y € X if (x, y) = 0. However, when switching from the theory of inner product spaces to normed
linear spaces, we cannot maintain the notion of orthogonality. Therefore, since 1934 generalized
orthogonality types for normed linear spaces have been introduced and studied.
When the norm of X is induced by an inner product, the orthogonality in X is equivalent to
each of the following propositions. This motivates that in context of normed linear spaces, any one
of the following proposition can be taken as a definition of orthogonality in X.

Roberts (1934): In a normed linear space X,

xly & Vo |x +ay [[=x+ay]]
Birkhoff (1935): In a normed linear space X,

xly & Vo ||x [|< [[x+ay|]
Isosceles (1945): In a normed linear space X,

xly & Vo x -y [[=|x+yl]|
Pythagorean (1945): In a normed linear space X,
xly & Vo [[x —y [[>=[[x ||* +|y ||*.

Carlssion (1961): In a normed linear space X,

xly © YL, aglbrxtcry||? = 0, where m > 2 and ay, by, ci are real numbers
such that

m m 2 _ m 2 _
Yke1 akbx ok # 0, Yl ax by = Yyt ag ek = 0.
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1.1 Main properties of orthogonality in inner product spaces

The following are the main property of orthogonality in inner product spaces (see [9]). Let (X, (.))
be an inner product space and x, y, z € X. Then,

@) if xLx, then x = 0 (non-degeneracy);

(i1) if x Ly, then Ax LAy for all A € R ( simplification);

(ii1) if (x4),(yn) € X such that (x,)L(y,) for every n € N, x,— X, y,— y, then xly
(continuity);

(iv) if x Ly, then Ax Lpy for all A, p € R (homogeneity);

v) if x Ly, then y1x (symmetry);

(vi) if x1y and x 1z, then x Ly + z (additivity);

(vii)  if x# 0, then there exist A € R such that x LAx + y (existence);

(viii)  the above A is unique. (uniqueness)

Definition: Let X be a normed linear space, and G be a nonempty subset of X. An element g, € G
is called a best approximation to x from G if

PG(x) = {g80€ G : [x — gol| < Ix— gf| for all g € G} .

Definition: If PG(x) contains at least one element, then the subset G is called a proximinal set. In
other words, if PG(x) # ¢ then G is called proximinal set.

2. Main Result

The Roberts, Pythagorean and Isosceles orthogonalities have been generalized by Carlssion in 1961
[4]. Furthermore, these orthogonalities are obtained by giving particular values of constants in a
generalized Carlssion’s orthogonality. In this section we will show that how two other new
orthogonality relations can be obtained from Carlssion orthogonality and application of orthogonality
in best approximation.

2.1 New orthogonality- I
Definition: A vector x in X is said to be orthogonal to a vector y in X if and only if
2x+y |12 Hlx +iy |12 =2lx —y [|” +illx — iy ||*.

This is a particular case of Carlssion’s orthogonality which is obtained by assigning particular
values to constants a, by and cyas follows.

i . i .
dq =b1=C1=1, a2=z, b2 :1, Cr=1,4ad3 = - 1, b3 = 1, C3 :-1, dg = _E , b4 = 1, Cy = -1

The above values of constants satisfy Carlssion’s condition

Eﬁ=1 akbk Ck = 1, Zﬁ=1 dgk ka :Zﬁ=1 dg Ckz =0.
2.2 New orthogonality- I1

Definition: A vector x in X is orthogonal to a vector y in X if and only if
1 1 1
I+ 2y 117+ Ix = 2y 117 = JV2x +y |12 +[[x |2,
This is also a particular case of Carlssion’s orthogonality. For this, we take values of constants as;

1 1 1
dq 232:1,33234: _E, b2 :lzbl,b3:\/2:b4,cl:§, CZZ_E,C3:1, andC4:0.
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e .. 1
Satisfying the condition Yj_; agby cx = — NeL t_iarbt =Yt a2 =0.

Lemma 2.1: Let X be a real inner product space. If ||x + %y 11?2 + |Ix — %y 1§ Z%H\/EX +y|I% +Hx ]2
for all x, y € X, then x Ly

Proof: Let x, y € X and suppose that.

1 1 1
x+ 2y 112+ [k =Sy 12 =3VZx +y |12 Hx ||

1 1
= 2 |[x[1? +5 IIYI|2=\/7(X.Y>+2IIXIIZ+5 ly |1?
= V2(xy) =0

= xly.

2.2.1 Properties of orthogonality relation of type I and II.

1. Orthogonality relation  2||x +y ||? + i|[x + iy ||2 = 2||x — y ||? +i||x — iy ||? satisfies non-
degeneracy, simplification and continuity.

2. Orthogonality relation  |jx + %y 112+ ||x — %y |12 = %le/fx +y||? +|x ||? also satisfies non-

degeneracy, simplification and continuity and homogeneous if the space is an inner product
space.

2.3 Application of Orthogonality in Best Approximation

Theorem 2.2: [11] Let X be a normed space and G be a subspace of X. Then, gqg € PG(x) if and
only if (x — gy)LBG.

The above theorem shows that the Birkhoff orthogonality implies best approximation and best
approximation implies Birkhoff orthogonality. Besides that Robert orthogonality, Pythagorean
orthogonality and Isosceles orthogonality also implies best approximation.

Lemma 2.3: Let X normed space. If Vx € X 3 go€ G: x — gy LP (G) then g€ PG(x).
Proof: Suppose x —go€ LPy. Then
l1x —go =yl 2 = |Ix — goll >+ Ilyll ®
= [Ix—goll* < lIx—go—yIl?

= [[x-gol| <|[x-g||, where g= g, +y

= gy € PG(x).
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