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Abstract

A vector space X with algebra of all linear maps L(X) from X into itself and the ideal of all finite
dimensional linear maps % (X)with dual (Conjugate) transformation T* to T from X' to itself form a

relation in terms of relatively regular and linearly independent which is sufficient for mentioned title.
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1. Introduction

Let X be a vector space, L(X)be the algebra of all linear map of X into itself and 2 (X) be the ideal of
all finite dimensional linear maps L(X). Let X* be the algebraic dual space X with elements x*,

y¥,...... and TE L(X), then we define by y*(x) = x*(Tx), x¥*E X*,a linear form y*EX*. The
mapx~ — Y is called the (algebraic) dual or conjugate transformation T* to T. It is a linear map of
X* into itself and is uniquely characterized by < Tx, x*> = <x, T* x*> x € X, x* € X*[1]. I[f X"is a
linear subspace of X', therefore a vector space of linear forms, we denote by L(X') the set of all
TeEL(X), whose dual transformation T* maps the space X' into itself.

Properties of dual transformation T*
(1) (T +To)* =T* + Tp*
2) (aT)* =aT*
3) (T\ T)*=To* T,*

Definition (1): If for a continuous operator T, there exists a continuous operator S with TS T =T,
then T is called relatively regular.

Definition (2): The algebra R of operators on a vector space is called normal, if every finite
dimensional operator T from R is relatively R - regular.

Definition (3): An algebra R of operators on vector space X is called saturated, if corresponding to
any pair of finite sets {xy,........ Xa}, {V1-....¥a} <X, Where {x;, X;........X,} is linearly independent
and there exists TE R with Tx , = Yy, y= L2, n.

Theorem (1.1): Every operator TE L(X) is relatively L(X)-regular.

Proof: We have X = N(T)(QU  and X = B(T)@C. If P is the projection of X onto B(T) along C, Q
the projection of X onto N(T) along U and T, the restriction of T to U, then T, is a bijective linear



N.P. Sah /| BIBECHANA 10 (2014) 115-117 : BMHSS, p.116 (Online Publication: Dec., 2013)

map of U onto B(T). Therefore S = T,'P € L(X). Forx=n+u,n=Q x EN(T), u=(I1-Q) x € U, we

have
STx=T, PTx=T, Tx
=T,'T (ntu)
=T, Tu
=T, ' Tou
=u=(T-Q)x.
Therefore, ST=1-Qand TST=T-TQ=T.
Hence T is relatively regular.

Theorem (1.2): Every saturated operator algebra R is normal.

Proof :Let xi,....... X, be a basis of the image space of TE E[K) n Xk yy 1<, <n, be so chosen

that Ty, = x5, 1<, <n, then on account of being saturated, there exist S R with S Xy=yy and
hence also with T Sx, =x,, 1<, <n. Then for

Tx= Z a,(x)x,
=1
We obtain
TSTx= Zay(x)TSx7 = Zay(x)x7 =Tx
y=1 7=l

Hence T is relatively R -regular.

Definition (4): If X' be a linear space of linear functionals on X, then we define the set of all finite
dimensional maps of the form Tx = Zx'y (¥)x,, x', e X'and x, € Xby ¥ (X).
Y (X") is an algebra if E is a topological vector space with dual space E' then Y (E')= F(E).

Theorem (1.3): If X is a vector space and X' is a total, then Y (X") is saturated; every super algebra.
i.e. ¥ (X") is normal.

Proof: If {x,........ X,} is linearly independent subset and {y,....... ,ya} arbitrary from X, then by

definition. (2) corresponding to the elements x,....... X, there exist linear forms x'j,....... x'y, on X'
such that x', (xM)z 0,m» 1<y, M<n]|2]. Since x'is total, we define T by

Tx =Zx'7 (x)y, ,then

r=1

TEY (X) and Txy = Y x', (xy)
y=1
=ym, [SM< 1.
Hence Y (X') is saturated.

Lemma(1):T*(X") < X'. And L(X") is an algebra containing 1.

Proof: We have Y (X') c L(X")[4]
KTeY (X') then

n
— 1 : 1 1
Tx = Z<x,x7>xyw1th xyeX and x, eX
r=1
Then for arbitrary x', € X', we have
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<x, T*x'>= <Tx, x>

n
= <Z< x,x',>x, x'>
r=1

n
— ' ' '
= E <X, x,><x, x, >
7=l

Therefore T*x' = Z< x,x'>x'e X'

=1
Theorem (1.4): If X' is a total vector space of linear forms on X, then L(X') is normal.
The result follows from Lemma (1) and theorem (1.3) [3].

2. Conclusions

The super algebra of a saturated operator is again saturated [5]. Every saturated operators of algebra

R is normal. IfE is a topological vector space with total dual space E', then L(E) is always saturated.
But if L(E) is not normal for every topological vector space E, then L(E) is not always saturated [6].
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