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Abstract

The effect of perturbation in centrifugal force on the periodic solution of the restricted three-body
problem representing analytic continuation of Keplerian rectilinear periodic motion has been
examined. However, we have taken the perturbation in the centrifugal force to be of the order of .,

the reduced mass of the smaller primary. We have calculated the first order perturbations also.
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Introduction

Considering the two body problem, Poincare [1] classified three kinds of periodic solutions of the
restricted three body problem. Solutions of I and II kinds are related to the planar case of the three
body problem. In the solution of I kind, the eccentricity reduces to zero together with small mass. In
the solution of II kind, the eccentricity does not reduce to zero with the small mass. Poincare studied
in details the I kind and proved its existence. For the solution of the II kind, he deduced conditions
under which they may exist but regorious proof for the existence of the solution of this kind was not
given by him. Poincare used the De-Launay elements in his study and so he excluded the case when
one of the eccentricity of the generating solution is equal to unity. Kurcheeva [2] considered the last
case. Under certain conditions she proved the existence of so called periodic solution of Poincare i.e.
having equal periods for their perturbed as well as for the unperturbed motions.

Ahmad [3] studied the elliptic restricted three body problem generalizing the work of Kurcheeva.
Ahmad and Khan [4] generalized the work of Ahmad with the introduction of perturbation in the
Coriolis force.

In this paper we have studied the generalization of the restricted three body problem introducing
perturbation in the centrifugal force. We have examined the existence of the periodic solution taking
the perturbation to be of the order of i, the reduced mass of the smaller primary. We have also

calculated first order perturbation.
Hamiltonian Equations of Motion

Using non-dimensional variables and a synodic system of co-ordinates, the Hamiltonian equations of
motion are
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dX oH dy oH

dt oX dt oY

X _ o dY_ o v
dt ox~ dt dy
where
1 l-p p
H=—(X*+Y*)+(yX+xY)-——-— 2
o )+(yX+xY) - @
I.12 = (X_M)z +y2 3)

I :(x—u+1)2+y2

In the above equations, the parameter L is the ratio of the mass of the smaller primary to the total
mass of the primaries and 0 < <1/2.

We consider the perturbation in the centrifugal force with the help of the parameter B, the
unperturbed value of B being unity. The corresponding Hamiltonian function takes the following
Bhatnagar and Hallan form [5]

12, 2 1 2 o\ l-p op
H=—(X"+Y" )+ (Xy+Yx)+=(1-B){x"+y | —————
Al )+ (Xy+Yx)+(1-B)(x* +) -
Here 3 may be taken as
B=l+e'|e| <<
where € 'represents the perturbation in the centrifugal force. Upto first order, we have
1 e’ I-p
H=—(X+Y*)+(Xy-Yx)——(x*+y* ) -———-— 4
S (XY (Xy = ¥x) = (5 v ) = B @

Limiting case =0

For the elimination of singularity at the bigger primary we shall use Levi-Civita's [6] variables as used
by Kurcheeva:

x+|yt+iy:(p+iq)2

| P-iQ (5)
X—i(Y4p)=— 12

(Ym) 2(P+iq)
dt
-4 a) (6)

The regularized canonical equations of motion became
dp_0Q dq_0oQ
dS P’ dS aQ

(7
dP_o0 dQ_o0
dS op’ dS dq
where
1
QZE(PZ+Q2)+2r1(qP—pQ)+4M(p4_q4)_4+4“—4u(r1/r2) ®

+2Cr, —2€'r, —dpe '(p4 —q4)
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2
n=p’ +q.5 =1-2(p’+q’)+(p’ +q°) ©)
The solution of the system (7) being the solution of the system (8), we must have
Q=0

We suppose that €' is or the order of p i.e. €'=€'; u.If we put p=0 in the system (7) may be

integrated. The solutions of the simplified system, which in sideral system of co-ordinates
corresponds to collinear motion, has Krasinski form [7].

pPo =psinbd, q, =pcosO

- . (10)
P, =psin6, Q, =pcosO
where
o :\/E/Ccos(%/ES—d)o)
0 =i[4JES+sin(4JES—2¢O)]
2n
3 . . dp
n= (JCO ) =mean motion, p = as
The period of such a solution is
LS if (k +m)isan even number
s= ey (11)

nK

JC,

The relation between t and s for L =0 is given by

t, =2(0-0)=—| 4/CS+sin(4/CS-29, || (12)

1
n

if (k +m)isan odd number

Solutions of the Variational Equations of the Generating System

The solutions of the variational equations of the system (7) for p =0 are well known. The solutions
given by Krasinski are

. 1 2. t
dp, =58P, =Py,0pP; =P, +1q,,0p, =| ———=— Qy +—P,S— oo
2C, n n
. 1 2. t
8q; = —Py>8q, =qy,89; =gy — Py, 09, =| —= P +—=q,S- oo (13)
2{C, n n
. 2. 2 t,Q
81)1 = Q0a8P2 = P0’8P3 = Po +t0Q0,8p4 :(2\](:0 9o +Epos+zpo _%j

: 2. 2 t,P
0Q, =—F;,8Q, =Q,,8Q; =Q, —t,F,,8Q, = (_2\] CoPo +HQOS+EQO +%j
Proof of Isoperiodic Solution

We see that our Hamiltonian function (8) possesses the same properties as that of Kurcheeva.
Therefore, under the conditions:
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q(0) = p(0) =0,p(S*) =Q(S*) = 0,S*=S/4 (14)
and g(o) =p(0) =0,q(S*)=P(S*) =0, S*=S/2 (15)

the general solutions x;(s), (i =1, 2, 3, 4) are periodic with period S as in Kurcheeva where by x;(i=
1,2, 3, 4), p,q,P,Q are respectively denoted.
The solutions (10) of the generating system satisfy the conditions (14) when k+m is odd and (15)

when k+m is even under the following values of the parameters ¢, and .
L ¢,=0, 0=%tm/2
II. ¢, =0=%xn/2, o=nL, L=0,L2,.......
We observe that the value of € is the same as in Kurcheeva.
Hence one can follow the work of Kurcheeva, step by step, to examine the existence of isoperiodic
solutions. The isoperiodic solution exist for ¢, =0, ®=+n/2,k —even, m—odd.
For arbitrary k and m, there exist periodic solutions reducing to the generating one for u=0. The

period of these solutions is an analytic function of pw, S=S*+4S(n), S* being the period of the
generating solution.

Perturbation of the First Order

In the proceeding paragraph the existence of the periodic orbits analytic relative to p with the period

S=S*+3S, where S* is the period of the generating solution has been pointed out. Let us pass on to
such time t the period in which does not depend on W:

S* S*
T= = S
S*+3S S*+a

nk . . .
Where S* = T Then the equations of motion are written as

dx, S*+a .
= o X (X eeeeeenns X,,C),(i=1nn. ,4) (16)
The solution of the system (16) may be sought in the form of series in integral positive powers of L.
x =x+>  x{) p,(k=1,..4) (17)
i1
For C and o, we have
C=Cy+Y. Cpa=) o (18)

i=l i=1
As it is proved by Kurcheeva series (17) and (18) representing solutions of the system (16) converge
for sufficiently small value of .

Let us substitute (17), (18) in (16) for the determination of the functions Xi(j) (’C) . We have a system

of linear differential equations.

dxy’ 3 () , o 0

k 1 i

" =Y py x\"+xh; +¢,C; +F
i=1

where by h; we denote o, /S*
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axio) (0) (0) (0)
ij:?’xk =X, (X e X, ,C,,0)
j
b, =2
= —k
oC,

D _ R (O i-1)
F =F (Xf gy X C s €y By, ,hH)

In particular for i=1, we have

Fl(i) =0
FO =0
O = 16g° + 59 80AH0) L oy
L, L,
RO =16p*+ 22 _SPEUTR) gy g (20)
L L
¢1 :¢2 :0’¢3 :_4p0’¢4 :_4q0 (21)

xio) =P, +2rq,, x(zo) =Q, —2rp,, xgo) =2rQ,—4p,C,, x, =-2rP, -4q,C, (22)
All the linearly independent solutions of the system

dy, &

2 . (23)

- ;p Vi

are obtained from the expression (13).
Let us seek particular solution of the system (19) with the help of the method of variation of arbitrary
constant.

4
Let  xV=>L.y, (24)

k=1
where {y jk} is a fundamental system of solution of the homogenous system (23)

Differentiating (24), we obtain
L 0 0
Zyjk =¢c; +x'h; + F (25)
k=1 dt

Now, in order to get rid of yj from the coefficients with Ly depending on the time t. We shall
multiply the expression (25) by Z;; , where {Zﬁ} is a matrix of solution for conjugate system (23) we

shall add then in j from 1 to 4.
We have

4 .
Z ALy =1,
k=1
4
where A, = z 2,y »do not depend on time (the property of the conjugate system)
j=1

f = i(XS)}H +¢,C, +x;” ) Zy (26)
k=1

As the expression (23) is a system in variation of a cononic sytem, so for the determination of Z; we
have the following relations

2y =~Y5is Log =~Ya4ir Ly = ~Y1i» Ly =~
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As the coefficients Aij do not depend on time, so for the determination we shall put T = 0. Using the
formula (13) for the calculation of Yij (0), we find

4
0 0 0 —
Jc
16
0 0 8 —
[Aij] = n
0 -8 0 0
__4 __16 0 0
JC 1
Thus we have the following system
L4 :Ef“ L3 :lfz _Lfl
4 8 2C,
L, :—lg, L, :Eﬂ +Lf3
8 4 2C,

Integrating we get,

2
Ll :(_i"' >t JCI _gbﬂ"%m

C, 4C, .
t 1
L2 =Tb1+§°C1—§b3
2 2
L= P Pole by Ly 27)
4 4 8 2 2C,

t=0,u=0
: . 1) 8y : 1 (3
b3:f _g(p —q) 2+— |[+—dt+16| tpgr | -1 dr+12C0J.rld1:
0 1‘2 r2 0 r2 0
T t | db, db,
b4—'([Htan(Z\/Er—¢0)—H}E+2/nr¥}dr (28)

In general, solution of the system (19)
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4
x' =Y (L +a,)y,, (k=1....4) (29)
i=1
There will enter six constraints h,C,a; (i=1,...... 4) (a=constants of integration) which must be chosen
in such a manner that the following relations are satisfied

dQ nik
D0)=x"0)=| — | _=x"(S*)=0,S*= , if (k+m) is 0dd(30
x5 (0) =x;"(0) (du]”o X, (S%) 4\/60 if (k+m) is 0dd(30)

and x(0) =x"(0) = (%j = x((8%) = x{'(8%) =0, 5" =%
n=0

4Jc

, if k+m is even (31)

From the relations

x§7(0)=x{"(0)=0

we find immediately that a;=a,=0

we shall write the equations (30) and (31) in the following manner

Xgl)(s*):F*u h) +F*, C +F*;a;+F* a, +F% =0

xV(s*)=F* h +F*,C +F* a,+F* a,+F* =0

(dQ] 4 16 (dQ]
—— =—0C, +—a,+| —
d“ u=0 CO n dl,l =0

i=1, j=4, k+misodd,

(32)

Where
i=2, j=3,k+miseven
E, =1 B3 =Y Es =¥
o€ 2 (50

Jc 1 1 1 1 C
Fk:[_Tb4+_0b3 Y~ byt §b2+fbl Yk3+gbIYk4 (33)

2C 8 0
where h; are defined by the formula (28).
Thus we have three equations for the determination of four constants (hy, c;, a;, a4). One of them is
chosen arbitrary when k is even m is odd, ¢, =0,0 == n/2 one may require in order that in
perturbed as well as in unperturbed motion the period in independent variable t may coincide; then to

these equations we shall supplement another.
nk

4/C,

where t may be put in the form of the series in L.

t(t*,pu)—mm=0,t*= (34)
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t=t,+y tp', ,(0)=0 (35)
i=1

Let us pass in the expression (6) to new independent variation

S*
T=
S*+a
dt S*+a
et (x +x3) (36)

And we shall substitute expression (35) in (36) then for the determination of t; we have the following
equations.

dt 2 >
o a(x® 4 x ), +8(xOx 4+ x0x)
drt

Integrating we obtain

t, =Fh, +F,C, +F;a, +F,a, +F.

where

K, :4(p(2)+q(2))
b (Pé +qg)+t_0_4\/6sin2x/60 N 4sin® 24/C

) C, C, 3C,
8(pe+ay) 2,
—+_

n n

: 2 _
FSZJ(LZ+EL4j(pp+qq)L3(p2+q2)dr

0

Then t, the equation (32) when k is even, m is odd, ¢ =0,m=+7n/2,0one may add also another
equation.

t,(t*)=Fh, +F,C +Fja, +Fa, +F =0 (38)

This is the required equation for calculating the first order perturbation in centrifugal forces.

F, =2t,, F, = 37

Acknowledgements

We are thankful to Prof. Dr. Mrityunjay Jha, Prof. and Head, University Department of Mathematics,
T.M.B., University; Bhagalpur, India for giving us encouragement and his valuable suggestions.

References

H. Poincare, Les Mathod nouvels dela mecanique cilest., Paris, 1892.
I.V. Kurcheeva, Bulletin, Inst. Of Theo. Astro. (ITA) (1968)149.

A. Ahmad, Ph.D. thesis, Bhagalpur University, Bhagalpur, 1981.

A. Ahmad, and A.A. Khan, JBMS, 10(86) 199-128.

K.B. Bhatnagar, and P.P. Hallen, Celestial Mechanics 18 (1978) 105.
T. Levi-Civita, Periodic orbits, Washington, 1906.

G.A. Krasinski, Bulletin, Inst. of Theo. Astro. (ITA) 9 (1963) 105.

Nk



