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Abstract

In this paper we introduce and study anew class ¢y (S, o, u, ||, .|| ) of sequences with
values in 2- normed space as a generalization of basic null sequence space ¢, We investigate some

conditions pertaining to the containment relations of the class ¢, (S, o, u, | ) in terms of

.« g .

different o and u and explore the linear topological structures of the space ¢ (S, o, u,|.,.||)

by endowing it with a suitable natural paranorm.

Keywords: 2- normed space, 2—Banach space, Paranormed space, Sequence Space.
1. Introduction and Preliminaries

Before proceeding with the main results, we recall some of the basic notations and definitions that
are used in this paper. The notion of 2-normed space was initially introduced by S. GAahler [1] as
an interesting linear generalization of a normed linear space, which was further studied by J.A.
White and Y.J. Cho [2], K.Iseki [3], R. Freese et al. [4,5], W.Raymond et al. [6] and many others.
Recently a lot of activities have been started by many researchers to study this concept in
different directions, for instances E. Savas [7], H. Gunawan and H. Mashadi [8], J.K. Srivastava
and N.P. Pahari [9], M. Agikgoz [10] and others.
Let S be a vector space of dimension d > 1 over K, the field of real or complex numbers. A 2 -
norm on S is a real valued function ||., .|| on S x § satisfying the following conditions:

2-NL: [[E&m|[=0and || & n || =0 if and only if £ and n are linearly dependent;

2-N2: [[E,n[=]n, &, forall g, n € S;

2-N3: [[y&,n ([ =y [[l§, n [, where yeK'and &, 1 € S;and

2-N4: &+ &mll<f&unll+[[& nl forall&, & and ne §.
The pair (X, || , .|)) is called a 2-normed space. Thus the notion of 2-normed space is just a two-
dimensional analogue of a normed space . Recall that (X, ||. , .]|) is a 2-Banach space if every Cauchy

sequence in X is convergent to some x in X.
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The pair (S, ||. , .||) is called a 2—normed space. Thus the notion of 2—normed space is just a two-
dimensional analogue of a normed space . Recall that (S, ||. , .||) is a 2-Banach space if every Cauchy
sequence in S is convergent to some & in S.
Geometrically, a 2-norm function generalizes the concept of area function of parallelogram due to the
fact that, in the standard case, it represents the area of the usual parallelogram spanned by the two
associated vectors.For example, consider S = R, being equipped with

&l =[&m2—&mnul, where &= (&, &) and n = (n; , Ma).
Then (S, ||. , .||) forms a 2-normed space and || &, 1 || represents the area of the parallelogram
spanned by the two associated vectors & and 1.
Again, let S = R’ and define the function ||. , .|| on S x S by

i j ok
[&nll=] Det| & & &
M M2 M3
where € = (&), &, &) and y = (M1, M2, Ms3)-
Obviously (S, |. , .||) forms a 2—normed space.
Analogously, if (S, <., .>) be a finite dimensional inner product space and ||. , .|| defined on S X S by
\/ <EE> <E,m>
& nll=
<n,&><n,n>
then we can see that (S, ||. , .||) satisfies all the conditions of 2—normed space.

The notion of convergence has introduced by White and Cho [2]. A sequence (&,) in a linear 2—
Ji
normed space S is convergent if there is an € S such that n”j)oo & —& n|=0, foreachm € S.It

is said to be a Cauchy if there are n and v in S such that n and v are linearly independent and

bl =0
and
lim
m’nﬁwnam - E_,,,, VH =0.

A linear 2-normed space (S, ||.,.|[) is called 2—Banach space if every Cauchy sequence in S is
convergent to some & € S.

The notion of paranormed space is closely related to linear metric space , see A. Wilansky [11]. A
paranormed space (S, 7') is a linear space S with zero element 0 together with a function
T:S— R, (called aparanorm on S) which satisfies the following axioms:

PN1: T(0)=0;

PN2:T(&)=T(€),forallg € §;

PN3:.TE+M) S TE)+T(m),forall§, n e S;and

PN4: Scalar multiplication is continuous 1i.e., if (y,) is a sequence of scalars with y, — v
as n — o and (&,) is a sequence of vectors with 7 (§, — §) — 0 as n — oo then

T (Yn&u—v8) = Oasn — oo,
Note that the continuity of scalar multiplication is equivalent to
(i) if T(§,)—0 and y,—>vyas n— oo, then 7(y,&,) > 0as n—
and
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(i1) ify, > 0asn —> o and & be any element in S, then 7 (y, &) — 0, see Wilansky [11].
A paranorm is called total if 7' (§) =0 implies & =0, see A. Wilansky [11].
The studies of paranorm on sequence spaces were initiated by Maddox [12] and many others.

Srivastava and et al. [13-15], Pahari [16], Parashar and Choudhary [17], Bhardwaj and Bala [18]
and many others further studied various types of paranormed sequence spaces and function spaces.

A sequence space S is said to be normal if 2:;_ = (&) € Sand a = (o) a sequence of scalars with |oy]
<1, forall k> 1, then

al =(m&)eS.
2. The Class ¢, (X, A, u,|.,.||) of 2-Normed Space Valued Vector Sequences

Let u = (1) and v = (v;) be any sequences of strictly positive real numbers and

A=) and p=(u;) be the sequences of non zero complex numbers. Let (X, ||., .|| ) be the 2-
Normed space over the field C of complex numbers and 6 denotes the zero element of X. Let o(X)

denotes the linear space of all sequences x = (§,) and y = (0, ) with &, n, € X, £ > 1 with usual
coordinate wise operations 1i.e.,

x ty=(Etnandax =(a&;) ,foreach x ,y € o (X) and ae C.
We shall denote o (C) by . Further, \.=(A;)e® and x € o (X) we shall write Xx = (X&)

We now introduce the following classes of 2-normed space X—valued sequences
co( X, W, |, ) = F=0) e o), x X, k>1 satisfying || Aexi, y{| " — 0as k>,

foreachy € X }.
In fact, this class is a generalization of the familiar sequence spaces, studied in Srivastava et al.
(1996) [12], Srivastava (1996), Pahari ( 2011) [16], Pahari and et al ( 2011) [11] , using 2-norm .

Further, when A, =1 for all k,then ¢, ( X, 71, u,|.,.]|) will bedenoted by ¢y (X, u,]|.,.]|) and
when u,= 1 forall k, then ¢y ( X, A, %, |.,.||) willbedenotedby ¢y (X, &, ., |). If wx= Ae=
1 for all k£ , then the class ¢, ( X, 71,& , |, .]|) will be denoted by ¢, (X, ||, .||) . Further, when X
— Cwe simply write ¢, ( X, A, a4, |.,.)as ¢y u, |, )

3. Containment Relations

In this section, we investigate some inclusion relations of the class co( S, ||. , .||, @, u ) arising in terms of

different u and o.. Throughout, we denote

sup u; =L for each k and for scalar o, 4 [a] =max (1, |a).
But when the sequences u; and v, occur, then to distinguish L we use the notations
L(u) and L(v) respectively.
Theorem 3.1: For any u = (), ¢y ( S, o, u,|.,.||)cco (S, [_5, u,ll.,.)
Uk

if and only if lim inf > 0.

O
Bk

Proof:
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For the necessity, assume that

C/)( Sa &,Ea”-w”)CCO(Sa Baaanan)
Uk

o
£1° '=0. Then we can find a sequence (k(n)) of integers such that

B

but lim inf}
1<k(n) < k(n+l),n>1
for which
1 0t | ") < By, for alln>1. .(3.1)

Now, correspondingto p € Sand p =0, we define the sequence E: =(&) by
- {ock(n)'l w2k o if k= k(n), n>1and

(3.2
0, otherwise. (3.2)
Then for k = k(n), n>1 ,we have

up 2
low&e il = = [l p, m || "
1
< — Hi(n)
< 2 el
1
< —7ALlp, "] > 0as n> o,

where ||p, 0| “4®) < A || p, 0| “®] for each n > 1 is used

and
o ml] * =0, for k £ k(n) , n> 1.

This shows that& e ¢ ( S, o, &, ., .||).
On the other hand, let us choose 1 € S such that || w, n || = 1. Then for £ = k(n), n > 1, and in view of (3.1)
and (3.2) ,we have

[ Bx & il = || B Eagn Ml “ k(n)

1 Qie(n i)
= 2| w n|kn 1.
e R TR o
This shows that § ¢ ¢ (S, B, u)|., .|| ),a contradiction.
i
. .. Q .
For the sufficiency, assume that lim infj, B—k > (.Then there exists m >0 such that
K
m |Bel <oy | ¢
for all sufficiently large values of £.
Let& =(5) € co( X, a1, |.,.|l). Then for each n €S,
ol F—> 0 as k— oo
Now for eachn € S,
|a llk

u, k u,
Bee nll ™ < — = & .nll™

1 u
< 7, ool "5 0as k- o0,

This clearly implies that E_: ecy (S, ﬁ, u,|.,.||)and hence

C()( S: &aﬁa”':W”)CCO(S: B:ﬁa” a”)
This completes the proof .

Theorem 3.2: For any u = (u;), ¢, (.S, f& suyl,dl) < ¢S, a,ul.,.||) if and only if

llk
<00,

Br

lim sup;
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Proof:
For the necessity, suppose that

¢ (S, Bu,

D) e S, ouL L)
uk
= 0. Then there exists a sequence (k(n)) of positive integers with

but lim sup; S
B
1< k(n)<k(n+1),n>1
satisfying
o] “® > 1 |Byw| " for each n > 1. ..(3.3)
Corresponding to p € S and p =6, we define a sequence & = (§;) by

: {Bk(,,)‘l w20 o if k= k(n), n >1 and
L=

0, otherwise. -(3.4)

Then for k= k(n), n> 1, we have
llk — u n
1B & mll ™ = 1B, & on Il
= [ p,m | o

1
< 772 lp, n [
1
< 7 Al n["] > 0asn— oo

and
[1Bx & M| “ =0, for k= k(n) ,n> 1.

This shows that & € ¢o (S, B, %].,.|).

On the other hand, let us choose n € S such that ||p, || = 1. Then for k = k(n), n > 1, in view of (3.3) and (3.4)
,we have

Uj(n)
2 el =1

QL
nwgm”=km
Bk (n)

andso& ¢ co( S, o, u,|.,.||),acontradiction.
uk

For the sufficiency, assume that lim supy < oo. Then we can find a positive constant ¢ such that

Ol
Pr

d 1B ™ > Jou "
for all sufficiently large values of k. Let & = (&) € ¢o (S, B, wll., .|l) . Then we have

IBx &, M|l “* — 0 as k— o, for each 1 8.
Now we have
llow&e ™ < dIBd™ [ &, nll ™
< Bk Gomll™ > Oask—> o0,

for each m €S. This clearly implies that E: ecy( S, a,u,|.,.|) and hence
CO(Sa ﬁ,E;”:H) < CO( S: &aﬁana”)

The proof is now complete.
On combining the Theorems 3.1 and 3.2, we get:

Theorem 3.3: For any u = (u;), ¢y ( S, o, u,|.,.||) =co (S, B, |-, -||)

if and only if
uk llk

[0
2k <.

Br

Br

0 < lim inf;

< lim supy

Corollary 3.4: For any u = (u,),
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W) (S, at,|.,.l) cco(S, wl.,.||)if and only if lim infy o™ > 0 ;

(ll) Co (sa E}”° ’ °” ) [ Co( sa (_X, E ’ ”° ’ °” )
if and only if lim sup; |oy|"* < c0;and
(l“) Co ( S9 aa E ’ ”' s ” ) =¢Co (s’ E}“’ s ” )
if and only if
0 < liminf; Joy/"* < lim sup; |oy|"* < oo.
Proof:
The proof follows by putting B, =1 for all £ in Theorems 3.1, 3.2 and 3.3.
Theorem 3.5: For any o = (o), ¢o (S, a,u,|.,.]|) ccy (S, oW, -||)
if and only if
lim inf, 2% > 0,
Uy
Proof:
v
For the necessity, suppose that the inclusion holds but lim inf} u—i = 0. Then there exists a sequence (k(n)) of
positive integers such that
1<k(n)< k(n+1),n>1

for which

N Vim) < Ukm) for eachn > 1. (35)
Let p € Sand p #0. We define a sequence & = (&) by

‘= {ock(,,)'l n " o for k=k(n) , n>1and

k 0, otherwise.

Then for eachn € S, k=k(n),n>1 , we have

u fl/uk()
low & mll = = [ln " p, m 4

(3.6

1
= = Uk(n)
L, el

1
<~ Allp, "] —>0asn—w

and
llow &, i “=0, for k= k(m) , n > 1.

This shows that & € ¢y ( S, o, u, ||, .|| ). But on the other hand, let us choose 1 € S such that ||p, n|| = 1.
Then for k = k(n), n > 1, in view of (3.5) and (3.6) ,we have

V,
k
o &l = Nt E gy o Il 5
= ||k, | e

1
> 1 Vk(n)
2 el
.
>
This shows that £ ¢ ¢, (S, a, v,||., .|| ), which contradicts our assumption.

. .. LY .
For the sufficiency of the condition, suppose that lim inf} u—k > (. Then there exists am > 0 such that v, > m
k

for all sufficiently large values of £.
Let £ =) ecy( S, a,u,]|.,.||). Then for eachn € S

llk
llow &, mll = =0 ask — oo,
Hence for a given € > 0, if we choose 0 <3 <1 satisfying 8" <g satisfying
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llow &, m 1™ < &< 1

for each € Sand for all sufficiently large values of k. Thus
N Upr m
llow & 1™ <[llow&,m ]

<8" <g,
for eachn € Sand for all sufficiently large values of £ and consequently E: € ¢ (S, a, V., .||). Hence
C()( Sa &,ﬁ,” 5 ||)C CO(S7 a7;a|| 5 ”)

This completes the proof of the theorem.

Theorem 3.6: For any o = (o), ¢y (S, o, V|| .|| )c=co( S, a,u,|.,.|)
if and only if lim sup; ;—I; < o0,

Proof:

For the necessity, suppose that the inclusion holds but lim supy Z—i: oo . Then there exists a sequence (k(7)) of

positive integers such that
1<k(n) <k(nt1),n > 1
for which
Vi) > 1 Uy Sforall m> 1. ..(3.7)
Corresponding to p € Sand p # 0 , we define a sequence & = (&) by
{ock(n)'l n "k p, for k= k(n), n>1 and
&= 0, otherwise.
Then for eachm € S, k=k(n),n>1 , we have

Ko ke | ke
low &l "= |in p.ll

(3.8)

Lo
= <l p. P

1
S ALl I —>0asn—wo

IN

and
llow &, | < =0, for k = k(m) , n > 1.

This shows that E_: ecy (S, a, v, ,.||). Buton the other hand, let us choose 1 € S such that
|| p, Ml = 1. Then for k = k(n), n> 1, in view of (3.7) and (3.8) ,we have

NI Vi ()
low &, mll = = [In p, |l

1
2= | p,ml "™

1

172
n

v

This shows that & & ¢o( S, &, |, .| ), a contradiction.
For the sufficiency of the condition, assume that lim supy :—i < o0, Hence there exists d > 0 such that v, < d uy
for all sufficiently large values of £.
Let E: =) ecy (S, a,v,.,.]|) Thenforeachn € S

llow &, il © =0 ask — o.
Hence for a given € > 0, if we choose 0 <3 < 1 satisfying & W < ¢ satisfying
llox &, m || <8< 1
for each ) € Sand for all sufficiently large values of k. Thus

u Vip 1/d
llow & m 1™ <[llow &, il ]



N.P. Pahari /| BIBECHANA 10 (2014) 20-30: BMHSS, p.27 (Online Publication: Dec., 2013)

<y 1/d <s,
for eachn € Sand for all sufficiently large values of £ and consequently
€ e ¢ (S, a,ul,.||). Hence

CO(Sa aa;’H"'”)CCO( Sa aaaanan)
This completes the proof.
On combining the Theorems 3.5 and 3.6, one obtain

Theorem 3.7: For any o = (a),cp (S, oyt ||.5.]|) =co (S, ay V., .||)
if and only if

.. Vi . Vi
0 <lim inf, — < lim sup; — <oo.
Uy Uy

Corollary 3.8: For any o = (o),
1) (S, o, |l.,l) € co(S, a,u,|.,.]|) if and only if lim inf; u; > 0;
(i) co( S, a,u,|.,.]|)cco(S, a,]|.,.]|) ifand only if lim sup; u; <oo; and
(iiii) co (S, aus|l,l) =co(Ss aslsl)
if and only if
0 < lim inf; u; < lim sup; u; < .

Proof:
Proof follows by taking u;, = 1 for all k and replacing v by u in Theorems 3.5, 3.6 and 3.7.

Theorem 3.9: For any o = (o), fi =B, u = () and v = (vp),

cll( Sa aaﬂalLs'”) c CO(Sa Ba;a ”‘a‘”) ifandonlyif
Uk

O
>0 ; and

Br

@) lim inf,

(i) liminf,~~ >0.
Uy

Proof:

Proof of the theorem follows immediately from the Theorems 3.1 and 3.5.

In the following example, ¢, (S, o, u, ||.,.]|) may strictly be contained in ¢, ( S, B, v, )
satisfaction of the conditions (i) and (ii) of Theorem 3.9.

Example 3.10:

Let (S, |.,.]|) be a2-normed space and consider a sequence & = (&) defined by

=k *p,if k=1,2,3, ...,
where p € Sand p # 6.
Further, let u, = k ', if k is odd integer, u, = k 2 ifkis even integer,
v, = k! for all values of k, oy = 3, Bi= 2% for all values of k.

Then
uj 1/k
Oly 3 . . .
- | =35or (—) according as k is odd or even integer
B 2 2
and hence
llk
.. Q,
lim inf}, =51 >
B
Vi [P . Vi P .
Further, u—k =1, if k is odd integer, o k, if k is even integer.
k

Therefore lim inf}, Z—i > (. Hence the conditions (i) and (ii) of Theorem 3.9 are satisfied.

Now for each 1 € S, we have

in spite of the
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vk _
IBe&e,mll ™ =12k p,m| "
1
<7 2lp, "

1
<% 2Allp.nl] =0 ask— oo,

and it shows thatE: € ¢ (S, é, vl sl
But on the other hand, let us choose 1 € S such that || p, n ||= 1. Then for each even integer k, we have
Mk _ 2
law&e,nll "~ = 3"k p,ml ”kz
= G/ | p, "
1

>3,
This implies that E: gcy( S, a,u,|.,.||).Thus the containment of ¢y ( S, o, u,|.,.||) in
co (S, B, v, |I.,.|l) is strict inspite of the satisfaction of the conditions (i) and (ii) of the Theorem 3.9.

4. Linear Topological Structuresof ¢, ( S, o, u,|.,.||)

In this section, we shall investigate some results that characterize the linear topological structure of
the class ¢y ( S, @, u, ||., .|| ) by endowing it with suitable natural paranorm. Throughout we take

coordinatewise operations of sequences over the field C of complex numbers i.e.,for 2:;_ = (&) and M
= (N ) and scalar v,

g +1=(&+ )
and

vE =(r&)

and we see below that each of these classes forms a complete paranormed linear  space over C.
Moreover, we use frequently

uk uk llk
[E+n| < S{El "+l "},

where &,n € C, 0 <u, < supyu, =L <o and A(a) =max (1, |a ).

Theorem 4.1: The space ¢,( S, o, u,|.,.]|) forms a linear space over C if and only if
supy u; is bounded above .
Proof:
For the necessity of the conditions, suppose that ¢y ( S, a, u,|.,.]|) 1is a linear space
over C but sup; u, = co. Then there exists a sequence (k(n)) of positive integers
satisfying
1< k(n)<k(n+1),n>1
for which
Uy > n foreachn>1 ....(4.1)

Now, corresponding to p € S and p = 6, we define the sequence E: = (&) by
: {ockm;‘ w0 o if k= k(n) , n =1 and
=

0, otherwise.
Then for k= k(n), n>1, we have

llowe &, I ™

.. (4.2)

-2/
[l p, || ")

llp, m [ "
— 2 —>0asn—> oo,
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and
llow &, M| “= 0, for k# k(n) ,n > 1

showing thaté € ¢ (S, a,u,l.,. ).
But on the other hand, let us choose n € S such that ||p, n|| = 1. Then for such 1 and scalar y =4,
for k = k(n), n> 1, in view of (4.1) and (4.2), we have

Iy ou e nll™ = Il Q¥ &) » 1™
= 4 p |
4 k()
= —
> sup 4 > 1.
non
This shows that y& ¢ ¢y ( S, o, u,]|.,.]|) ,acontradiction.
For the sufficiency of the condition, assume that sup; u; <oo. Let&,necy( S, a,u,|.,.||) and 7,

p € C. Then for each n € S, we have
llow &, [ —0
and
|low ni> M| “* —0, as k —> oo,
We now setting S =max ( 1,2""), then we have
llowe (V& + pnids m 1" = (I yow&e M T+ [l p o i M 1) ™
< (Slyou&onl*+Slpox nem ™)
=S W™ low&enlI™ +S Ipl™ founs, nlI™

which tends to 0 as k — o, for eachn € § and hence ac“; +pnec( S, o, u,|.,.|)

This implies that ¢, ( S, o, u,||.,.]|) forms alinear space over C. This completes the proof.

Let u e/, ie., sup; u, <oo, M=max (1, sup; u; ) and consider a real valued function 7 on
co( S, a,u,|.,.|) defined by

T@ =7 lowte.n | foreach neSiforg e (S @u, ... ...(43)
We prove below that ¢, ( S, o, u,||.,.||) with respect to T forms a paranormed space.

Theorem: 4.2 (cy( S, o, u,||.,.||), T) forms a total paranormed space.
Proof:

Since T(£)20;T(£)=0 ifand onlyif & = 0; T(-£)=T(%);and
TE+MSTE)+TM)
easily follow. So PN;, PN, and PN; are obvious.
For PN, i.e., the continuity of scalar multiplication, it suffices to show that
(@) if €™ — BinTandy, >yas n—> wotheny, &” — 0in T}
and

(b) if v, >0and & € ¢, ( S, o, u,]|.,.|),then y,& — BinT.
Now (a) is easily proved if we suppose |y,| < L forall n > 1 and in view of (4.3) , we have

~(n Su n u
TaE™) = ("7 yow &, n |, for cach m < S}

< {Stlip || ™M, foreach ne S}

u gy SUp
il P ) o
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=A(L) {Sblip | o &, m||"c™ , for each n € S}

< AL)TE™),
implies that

T &™) —0,as T(E™) - 0asn—> .

To prove (b), let 2:;_ e co( S, o,u,l.,.]) lyJ <1 forall » >N, and € > 0. Then there exists a
positive integer K such that
o & ,m || k<e?
for all k> K and foreach n e S and hence for all k> K and n > N,, we have
1o & s %= Pl % [l ax &, m |
<", foreach n e S,
Now choose N, such that forall k=1,2,..., K—1andn > N,,

0 & oI =l % [l o & m |
<g™ foreach m € S.

Thus, T (y, E_,_ ) <, for n > N= max (N, N,), which proves (b).The totality of T is obvious.
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