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Abstract

The behavior of superconductors and Josephson junctions with respect to temperature and
current is discussed in this article. The damping nature of superconductors decreases with
increase of temperature which increases the conductivity of superconductors and the current
across the junction is dependent on superconducting properties of materials. The Cooper
pairs that move through a superconductor without resistance across the Josephson junction
determines the current through it and its dynamic properties can be a�ected by the vibrational
energy of the atoms in the junction, leading to the creation of phonons which can interact
with the Cooper pairs and reduces the current. The behavior of Cooper pairs across the
junctions which describes the collective properties and temperature of superconductor can be
investigated using RCSJ model. Finally, the entropy of Cooper pair can a�ect the temperature
dependence of Josephson current, with an increase in entropy leading to a decrease in current.
Through studying these properties and their interactions can help in the development of better
superconducting materials for use in various applications.
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Superconductivity is a fascinating area of study
in solid state physics that arises from the forma-
tion of Cooper pairs, which are subatomic parti-
cles consisting of two 1/2 spin electrons. Heike
Kamerlingh-Onnes, a Dutch physicist, discovered
superconductivity in 1911 when studying the elec-
trical resistance of di�erent metals at liquid helium
temperatures [1]. According to Kamerlingh-Onnes,
the electrical resistance of various metals decreases
around 0.08 Ω at 4 K to less than 3 × 10−6 Ω at
about 3 K over a temperature range of 0.010 K.

The discovery of the Meissner e�ect, which oc-
curred in 1933, led to a breakthrough in Supercon-
ducting theories, aiding the development of Lon-
don equations. In 1962, British researcher Brian
David Josephson made a prediction that depicts the
passage of a supercurrent across a tunnel barrier
and explains the quantum mechanics tunnelling of
Cooper pairs under a weak link. Josephson junc-
tions (JJ) technology has advanced since the 1960s,
with early junctions made of soft materials like
lead. Research on dynamical phenomena followed,
such as chaotic behavior, quantum dynamics, and
solitons. With the development of niobium�based
technology in the 1980s and the discovery of high-
temperature cuprate superconductors in 1986, JJs
have become useful for building ultrafast digital
circuits, large-scale integrated circuits, and ultra-
sensitive sensors. They are used in medicine to
measure tiny currents in the heart and brain. JJ
are investigated for high-temperature supercon-
ductors and metallic low-temperature supercon-
ductors, demonstrating that they can behave as
just one superconductor when two superconductors
are brought closer together. The Josephson e�ect
has signi�cant theoretical and practical implica-
tions and has been a subject of signi�cant research.
Josephson was awarded the Nobel Prize in Physics
in 1973 [2].

JJs are an important tool for superconducting
electronics, including magnetometers, circuits, and
quantum information. The recent studies in the
dynamics of Josephson junctions have focused on
investing the vortices in long Josephson junctions
(LJJs) and fascinating the new �eld of quantum
ratchets as highly coherent microwave radiation
sources, radiation detectors, and the design of
�uxon qubits [3]. A Simple Physical Model for JJs,
Resistively-Capacitively-Shunted-Junction (RCSJ)
model consists of three di�erent channels, Figure
1 [4].

Figure 1: Simple RCSJ model.

The super current across the junction is de�nes as
Is = Ic sinϕ and V = h

4πe
dϕ
dt , where Ic is critical

current, ϕ is phase di�erence, V is voltage across
jucntion and R is resisntance. Using an ohmic re-
sistance in the circuit is a common way to treat
quasiparticle current. In superconducting quan-
tum interferometry applications, a parallel resis-
tance much smaller than the junction's quasiparti-
cle resistance is often used. This parallel resistance
determines the resistance in the RCSJ model, ac-
cording to Kirchho�'s law. The second Josephson
equation can be used to eliminate ϕ or V, and the
junction current can be written using the second
law of JJ [4] for RCSJ model as

I =
hC

4πe

d2ϕ

dt2
+

h

4πeR

dϕ

dt
+ Ic sinϕ (1)

where R represents the normal�state resistance and
C indicates the junction capacitance. It is possible
to translate the equation into dimensionless form

by t → t
√

2eIC
h̄C [5]

d2ϕ

dt2
+

1

Q

dϕ

dt
+ sin(ϕ) =

I

Ic
= i (2)

where Q =
√

2eICR2C
h̄ is called the quality fac-

tor. Researchers studied a Pb/Ag superconduc-
tor/normal metal heterostructure and found a spa-
tially constant superconducting gap, despite dif-
ferences in the individual layers' Fermi surfaces,
lattice constants, and electronic densities of states.
The projected spatially variable pair potential that
has a discontinuity across the interface contrasts
with this. The results suggest the transmission of
electrons across the interface is high enough for
a new band structure to emerge. More theoret-
ical work is needed to develop predictive power
for the proximity e�ect from realistic microscopic
models [6]. The physics of solitons in Josephson
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junctions is a vital research �eld, with applications
in nonlinear physics, superconductivity, and high-
frequency devices. Solitons are called "�uxons"
and are important due to the magnetic �ux quan-
tum (ϕ0 = h

2e = 2.07 × 10−15 wb) they represent.
Fluxons in conventional Josephson junctions are
studied, including mutual coupling and interaction
with the environment. An annular Josephson junc-
tion is used as an example. Fluxon dynamics in
stacked junctions are also studied, including dis-
covery of Cherenkov radiation phenomenon [7].

A cross-sectional perspective of the junction across
the plane perpendicular with the exterior magnetic
�eld (H) shows that a �uxon within a Josephson
junction transports a magnetic �ux that is equal to
the corresponding �ux quantum (ϕ0). The junction
consists of an insulator layer between two super-
conducting electrodes that are formed as thin �lms
on a dielectric substrate. Circulating supercur-
rents act as a screen for the external magnetic �eld,
which penetrate the bulk superconductor up to the
London penetration depth (λL). The screening ef-
fect is weakened in the Josephson barrier region,
where the magnetic �eld penetration distance is
larger called Josephson penetration depth (λJ).
For long Josephson junction, where the Josephson
barrier extends signi�cantly beyond λJ , the screen-
ing present tangle at the intersection edge becomes
unstable in the substrate's surface plane as the
magnetic �eld increases. This results in the forma-
tion of a Josephson vortex, which is also known as
a �uxon due to the �ux quantization property of
superconductors [8].

Fluxons in long Josephson junctions exhibit soli-
ton physics and can reach Swihart velocity when
accelerated by a bias current. By substituting thin
�lms of high dynamic inductance superconductor
for the bulk superconductive electrodes in Joseph-
son junctions, researchers were able to slow down
relativistic �uxons. The reduced Swihart velocity
and increased characteristic impedance make these
junctions useful for superconducting electronics [9].
This system produces coherent terahertz electro-
magnetic radiation with unclear mechanism. When
the current-voltage characteristic shifts from its
upper to inner branches, strong radiation is pro-
duced. Parametric resonance can be achieved in
the zero �eld step area of stacked long Josephson
junctions, leading to the coexistence of �uxons with
longitudinal plasma waves as collective excitations.
This stack of coupled JJs serves as a laboratory for
studying collective excitations in superconducting
nanostructures. Modeling and simulating the phase
dynamics of LJJ is a current challenge [10].

In order to comprehend the resistive transition on

high-Tc superconductors and the impacts of higher
harmonics, the study investigates a model of resis-
tively along with capacitively shunted conventional
Josephson junction arrays characterised by a nonsi-
nusoidal current-phase relationship. When a cosine
term is added, the global resistance is modulated,
causing the weak links to transition between mixed
superconductive-normal states. Josephson junc-
tion arrangements are currently being investigated
for modelling processes in unstructured supercon-
ducting �lms and as possible superconductor quan-
tum bits. The resistively and capacitively shunted
Josephson Junction model is commonly used to
describe the resistive transition in granular super-
conductors [11].

Microelectronics, consisting of small electrical com-
ponents such as transistors, are used to control vari-
ous electronic devices such as washing machines and
computers. Shrinking components allows for more
devices to be fabricated on a small chip and results
in faster operation. As components continue to
shrink, they will eventually reach a size where they
need to follow the laws of quantum physics. This
leads to the development of new quantum nano-
electronic components. Research has been done to
investigate the possibility of making devices based
on the tunneling of single electrons, but it is still
far from being implemented in everyday electron-
ics. The development of quantum nano-electronic
components is necessary for continued progress in
microelectronics.

2 Materials and method

2.1 Current and temperature rela-
tion in RCSJ model

The probability of tunneling across a barrier a�ects
the �ow rate of particles, with a higher transmis-
sion coe�cient resulting in an increase in the max-
imum supercurrent. In the normal state, resistance
increases with decreasing transmission coe�cient.
Assuming paired and unpaired electrons tunnel in
the same way, the product of maximum supercur-
rent and resistance can become independent of the
barrier transmission coe�cient. This relationship
was �rst derived by Ambegaokar and Barato� for
tunnel junctions as [12]

Ic =
π

2eRc
∆0(T ) tanh

(
∆0(T )

2T

)
(3)

where Ic is critical current, ∆0 is the superconduc-
tor's energy gap, and e is the elementary charge.
As in this study, we use the RCSJ model to de-
scribe the total current in the Josephson junction.
The Ambegaokar�Barato� relation Equation 2.1 is
used to determine the critical current Ic in terms
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of the superconducting energy gap and tempera-
ture. This is important because the RCSJ model
requires IC as an input parameter. By substitut-
ing this temperature-dependent IC into the RCSJ
Equation (3), we obtain a more realistic expres-
sion Equation (4) that includes supercurrent, re-
sistive, and capacitive contributions, allowing ac-
curate analysis of current behavior under practical
conditions.

I =

[
π

2Rce
∆0(T ) tanh

(
∆0(T )

2kBT

)]
sinϕ

+
h̄C

2e

d2ϕ

dt2
+

h̄

2eR

dϕ

dt
(4)

Also [13]

∆0(T ) = 1.763 kBTc tanh

(
2.2

√
Tc

T
− 1

)
, T ≤ Tc

(5)

In order to showcase the �exibility of our model,
we have adjusted its parameters to suit two dif-
ferent SIS junction structures: Nb/AlN/Nb and
Nb/Al2O3/Nb. These junctions have a critical tem-
perature of 9.3 K and Rc=Rn=8 Ω [13]. However,
the IcRN product of the junctions is notably lower
than what would be predicted by the Ambegaokar-
Barato� formula, indicating that there is likely a
signi�cant pair-breaking mechanism occurring at
the interfaces [14]. On solving and expending Equa-
tion (4), one can obtain

I =

[
π

2RNe
∆0(T ) tanh

(
∆0(T )

2kBT

)]
sinϕ+

V (t)

RN
+
dq

dt
(6)

The RCSJ model also describes another variation of
Equation (2), which is frequently used to represent
Josephson junctions as

i = sinϕ+ ϕ̇+ βcϕ̈ (7)

The dimensionless Stewart-McCumber parameter
is the only material-dependent parameter in this
equation. Moreover, βc can be expressed as

βc =
π2RC

Φ0e

[
∆0(T ) tanh

(
∆0(T )

2kBT

)]
(8)

The parameter βc controls how a Josephson junc-
tion behaves. If βc is greater than 1, the junction
is underdamped. If it is less than 1, the junc-
tion is overdamped. The current density (jz(x))
across the junction can be described using the RCSJ
model [15] as

jz(x) = jc sinϕ+
Φ0

2πρtb
ϕ̇+

εε0Φ0

2πtb
ϕ̈ (9)

Here tb is thickness of barriers and ρ is the resis-
tivity.

2.2 Single Josephson junction (SJJ)

There is an additional set of variables for the SJJ
that are de�ned as{

K = n1 + n2

k = 1
2 (n2 − n1)

{
∆ = 1

2 (ϕ1 + ϕ2)

δ = (ϕ2 − ϕ1)

(10)

The formula utilises k to represent the di�erence
between Cooper pairs that exist between electrodes
and K to represent the total amount of Cooper
pairs. The phase di�erence across the Josephson
junction (δ) and the average phase ∆ are conjugate
variables to n and N. The Hamiltonian (H(n⃗) for
the circuit is described in detail using the following
expression [16]

H(n⃗, ϕ⃗) =
(2e)2

2
n⃗TC−1n⃗+ U(ϕ⃗) (11)

where n⃗T = [n1, n2], U(ϕ⃗) = −EJ cos(ϕ2 −

ϕ1), and C =

[
C + C0 −C
−C C + C0

]
is Capaci-

tance matrix.

The Hamiltonian from Equation (11) also can be
written in more general with K zero as

H(k, δ) = 4EC
∑k2 − EJ cos δ (12)

where EC
∑ = e2

2C+C0
is an e�ective charging en-

ergy of JJ including the stray capacitance C0.

2.3 Two Josephson junctions (TJJ)

Also, TJJ is useful to introduce the junction vari-
ables, de�ned as
K = n1 + n2 + n3

k1 = +K
3 − n1

k2 = −K
3 − n3


∆ = 1

3 (ϕ1 + ϕ2 + ϕ3)

δ1 = ϕ2 − ϕ1

δ2 = ϕ3 − ϕ2

(13)

The Hamiltonian for lower impedance is obtained
[16] as

H = 4EC(k−+k′g)
2−EJ(δ+) cos(δ−+γ(δ+)) (14)

where k− = n2, the conjugate variable to k2 is
δ− = ϕ2 (if ϕ1 = −ϕ3) which represents the phase.
Moreover, EJ(δ+) is de�ned as

EJ(δ+) =
√
E2

J1 + E2
J2 + 2EJ1EJ2 cos δ+ (15)
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γ(δ+) = arctan

[
EJ1 − EJ2

EJ1 + EJ2
tan

δ+
2

]
(16)

Here, EC = e2

2EC
∑ , k′g =

Q′
g

2e =
(C1−C2)V/2+CgVg

2e .

In more genral, Hamiltonian of Equation (14) can
be simpli�ed as

H(k−, kg, δ−) = 4EC(k−+kg)
2−EJ cos(δ+/2) cos δ−

(17)

2.4 Thermodynamic properties of
cooper's pair across junction

To study the thermodynamic properties of cooper
pairs across JJ is study on the basis of partition
function de�ned as

Z = Tr [exp(−βH)] (18)

where H is the Hamiltonian of the system,
and Tr(A), stands for the trace of the quantum-
mechanical operator A [17].

2.4.1 Thermodynamic properties of

cooper's pairs present in single JJ

of RCSJ Model

Moreover,

ZSJJ = Tr
[
exp

{
β
(
EJ cos δ − 4EC

∑k2
)}]

(19)

The mean vibrational energy across the Josephson
junction is obtained as [18]

USJJ(β) =
∂

∂β
lnZSJJ

=
exp

{
β
(
EJ cos δ − 4EC

∑k2
)}

Tr
[
exp

{
β
(
EJ cos δ − 4EC

∑k2
)}] (20)

The vibrational mean free energy (FSJJ(β)) across
junction is obtained as

FSJJ(β) = − 1

β
lnZSJJ

= − 1

β
ln
[
Tr
[
exp

{
β
(
EJ cos δ − 4EC

∑k2
)}]]

(21)
The vibrational speci�c heat capacity (CSJJ) is
given as [18]

CSJJ = kBβ
2 ∂2

∂β2
lnZSJJ

= kBβ
2

Tr
[
(−EJ cos δ + 4ECΣk

2)2eβEJ cos δ−4βECΣk2
]

Tr
[
eβEJ cos δ−4βECΣk2

] −

Tr
[
(−EJ cos δ + 4ECΣk

2)eβEJ cos δ−4βECΣk2
]

Tr
[
eβEJ cos δ−4βECΣk2

]
2


(22)
The vibrational entropy (S(β)) is obtained as

S(β) = k lnZ(β)− kβ
∂

∂β
lnZ(β)

= k

lnTr(eβEJ cos δ−4βECΣk2
)
+ β

Tr
[
(−EJ cos δ + 4ECΣk

2)eβEJ cos δ−4βECΣk2
]

Tr
(
eβEJ cos δ−4βECΣk2

)
 (23)

Similar to single JJ of RCSJ model the thermodynamic properties of cooper's pairs can also be calculated
using Equation (17) for Hamiltonian.

2.5 Computational details

The numerical simulation was carried out using re-
sistance of R = 8Ω, capacitance of C = 7 × 10−15

F, magnetic �ux quantum of Φ0 = 2.07×10−15 Wb,
Boltzmann constant of kB = 1.380649×10−23 J/K,
electron charge of e = 1.6 × 10−19 C, and critical
temperature of Tc = 9.3 K, with an applied voltage
of V = 5 × 10−3 V. The temperature was varied
from 0.1 to 9.8 K with a step size of 0.1 K to avoid
singularities at T=0.

2.6 Error and limitation

The present model may involve both computational
and physical limitations. Computationally, nu-
merical instability can arise at very low tempera-
tures (near T→0). Physically, the model assumes
identical tunneling behavior for paired and un-
paired electrons and neglects interface e�ects such
as strong pair-breaking mechanisms, inelastic scat-
tering, and material inhomogeneity. Additionally,
the Ambegaokar�Barato� relation is ideally valid
for perfect tunnel junctions, while real SIS junc-
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tions (Nb/AlN/Nb and Nb/ Al2 O3/Nb) may devi-
ate due to non-ideal barrier properties, making the
results approximate rather than exact.

3 Results and discussion

3.1 Nature of damping parameters

Damping parameters with temperature is shown in
Figure 2 is based on the data of AlN. The nature

of damping parameters with temperature sure de-
creases with increasing temperature because at low
temperature the dissipation energy is lower while at
high temperature dissipation energy high. In super-
conductors, damping parameters refer to the way in
which the material resists the �ow of electrical cur-
rent.

Figure 2: Damping Parameters with (a) temperature, (b) below critical temperature and (c) above
critical temperature.

When damping parameters decrease with temper-
ature, it means that the superconductor becomes
more conductive as the temperature increases. This
behavior is observed in some types of superconduc-
tors, known as conventional or low-temperature su-
perconductors, Figure 2(a). Cooper pairs, which
are made up of electrons within a superconductor
at low temperatures, are able to �ow through the
information without being dispersed by �aws or im-
purities. As the temperature increases, thermal en-
ergy starts to break up these pairs, leading to an
increase in scattering and resistance. However, in
some materials, the damping parameters decrease
with temperature, allowing the Cooper pairs to con-
tinue to move through the material with low resis-
tance. It appears that the damping behavior of
the superconductor increases with resistance when
the temperature is below the critical temperature
as shown in Figure 2(b). This is because at low
temperatures, the superconductor is more suscep-
tible to the e�ects of impurities and defects, which
can increase the resistance and lead to increased
damping. It is seems that the damping behavior of
the superconductor decreases with resistance when
the temperature is above the critical temperature
as shown in Figure 2(c). This is because at high
temperatures, the superconductor is in its normal
state, and the resistance is already �nite. Increas-
ing the resistance further could potentially lead to
a decrease in damping behavior.

3.2 Variation of current with tem-
perature

Figure 3: Mohr circle and stability curve under
stress.
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The temperature increases towards Tc (9.3K), the
superconducting properties of the materials start
to break down, and resistance starts to appear.
This can result in a decrease in the current across
the junction, as the superconducting properties
that were allowing current to �ow without resis-
tance are no longer present. Aminov et al. in 1991
found that the current-voltage characteristics of
high-temperature superconducting junctions var-
ied signi�cantly with temperature, with a sharp
decrease in current observed as the critical temper-
ature [19]. Furthermore, the behaviour of super-
conducting junctions in relation to temperature is
complicated and contingent on the particular ma-
terials and circumstances. However, in general, an
increase in temperature can lead to a breakdown
of the superconducting properties of the materials,
resulting in a decrease in the current across the
junction The nature of current with temperature
and electron �ow rate in shown in Figure 3.

Current can �ow across the junction between
the two superconducting materials because Cooper
pairs of electrons pass through the superconducting
materials without encountering any resistance. An
increase in the number the Cooper pairs causes an
increase in the current �owing across the junction
because the current under the junction has become
directly related to the total number of tunnelling
Cooper pairs across the barrier.

3.3 Thermodynamic properties of
cooper pairs across SJJ and TJJ

The behavior of tunneling Cooper pairs across the
junction can be a�ected by the vibrational energy of
the atoms in the junction of superconductors. The
di�erence in phase between both superconductors
may dephase as a result. For higher value of vibra-
tional energy, the phase coherence can be disrupted
which causes the reduction of �ow of Cooper pairs
and hence the current at the junction. In addition,
the vibrational energy also creates the phonons
which interact and scatters the Cooper pairs at the
junction and results a reduction in current. Thus,
the impact of vibrational energy on Cooper pair in
Josephson junction is signi�cant and can a�ect the
junction properties [20].

In superconductors, cooper pairs are described by
the microscopic wave function which describes its
collective behavior. This depends upon the barrier
height and the length of junctions. Therefore, the
behaviour of Cooper pairs throughout the junc-
tion is unrelated to the mean energy free idea.
In superconductors, speci�c heat is very low that
is temperature can change rapidly. In Josephson
junction, the temperature of superconductor can

a�ect its behavior. For example, at low temper-
ature Josephson current is mostly determined by
the phase di�erence while at high temperature the
current becomes more sensitive to the temperature
due to increased entropy of cooper pairs [21].

The behaviour of a Josephson junction, a kind of
junction that exists between two superconductors,
can be in�uenced by the entropy about conventional
Cooper pairs present in a superconductor. Specif-
ically, the entropy can a�ect the temperature de-
pendence of the Josephson current �owing through
the junction. At very low temperatures, the en-
tropy of the Cooper pairs in the superconductors is
very low, and the Josephson current is proportional
to the two superconductors' phase di�erence. How-
ever, as the temperature is increased, the entropy of
the Cooper pairs increases, and the Josephson cur-
rent becomes more sensitive to temperature. This
is because at higher temperatures, there are more
thermal excitations of the Cooper pairs, which can
cause them to break apart and tunnel through the
barrier between the two superconductors at di�er-
ent rates. As a result, the Josephson current be-
comes less coherent, and the temperature depen-
dence of the current becomes stronger. Addition-
ally, at temperatures around the superconductors'
critical temperature, the entropy of the Cooper
pairs can lead to the breakdown of superconduc-
tivity, which can cause the Josephson junction to
stop behaving like a superconductor.

4 Conclusion

The study concludes, the junction property of su-
perconductors is complex and depends on various
factors as �ow of Cooper pairs, temperature, damp-
ing parameters, current, electron �ow rate and ther-
modynamic properties of Cooper pairs. The damp-
ing parameter decreases with an increase in tem-
perature that is conductivity of superconductor in-
creases. Damping parameter increase with resis-
tance below critical temperature (Tc) and decrease
above Tc. The �ow of cooper pairs determines the
�ow of current across the junction. The thermody-
namic properties of cooper pairs a�ect the behavior
of junction, particularly due to the vibrational en-
ergy of atoms at the junction. The concept of mean
free energy is not relevant to the behavior of Cooper
pairs across a Josephson junction or in supercon-
ductors in general. The entropy of Cooper pairs
in a superconductor can also a�ect the behavior
of a Josephson junction, particularly at low tem-
peratures, where the Josephson current is mostly
determined by the phase di�erence between the su-
perconductors.
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