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Abstract

Accurate modeling of pollutant dispersion is essential for effective air quality assessment.
This study evaluates and compares the Gaussian Plume Model (GPM) and the Lagrangian
Model (LM) in predicting ground-level sulfur dioxide (SO2) concentrations from an industrial
stack. Both models were applied under identical emission and meteorological conditions over
a 1 km × 1 km receptor grid. The GPM, based on a steady-state formulation, tended to
overestimate concentrations near the source due to simplified turbulence representation. In
contrast, the LM, formulated in a time-dependent framework, accounts for evolving wind fields
and spatial variability in pollutant transport, resulting in a more accurate representation of
dispersion behavior. At 500 meters downwind, the LM showed better agreement with observed
data, demonstrating higher predictive accuracy. While the GPM remains advantageous for
rapid regulatory screening, the LM offers improved performance under dynamic atmospheric
conditions. These findings underscore the importance of selecting dispersion models based on
application needs, balancing computational efficiency with predictive reliability.
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1 Introduction

GPM traces its origins to early 20th-century studies
on turbulent diffusion, notably G.I. Taylor’s work in
1921, which laid the statistical foundations for pollu-
tant dispersion [1]. The model’s formal application
to air pollution began with Sir Graham Sutton’s
1947 derivation of a plume dispersion equation in-
corporating Gaussian distribution assumptions for
vertical and crosswind dispersion, as well as ground
reflection effects [2]. By the 1960s, Pasquill refined
the model by introducing stability classes (A–F) to
categorize atmospheric turbulence, enhancing the
empirical determination of dispersion coefficients

(σy, σz) [3].

The United States Environmental Protection Agency
(U.S. EPA) adopted Gaussian dispersion models
such as the Industrial Source Complex Short Term
version 3 (ISCST3) in the 1970s for regulatory
compliance [4], and further advancements led to
the development of the American Meteorological
Society/Environmental Protection Agency Regula-
tory Model (AERMOD) in 2004, which integrated
boundary layer physics and complex terrain adjust-
ments [5]. Despite its simplicity and steady-state
assumptions, the GPM remains a cornerstone in
air quality engineering for predicting ground-level
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concentrations from point sources, though its limita-
tions in complex terrain and dynamic meteorological
conditions spurred the development of hybrid and
Lagrangian models [6]. Its enduring relevance stems
from its balance of computational efficiency and rea-
sonable accuracy for regulatory screening [7].

Dispersion modeling has evolved from simple ana-
lytical approaches to sophisticated numerical frame-
works that capture atmospheric complexity. Early
efforts centered on the Gaussian plume model, which
solved the advection–diffusion equation under steady,
homogeneous conditions and provided a computa-
tionally efficient tool for estimating pollutant concen-
trations [8,9]. However, its inability to account for
vertical stratification and transient meteorology mo-
tivated the development of Eulerian grid-based mod-
els that solve the governing PDEs with greater gen-
erality [8]. In parallel, Lagrangian particle models
were introduced, tracking pollutant parcels along tra-
jectories to represent turbulent dispersion in complex
and time-varying flows [8,10]. These approaches are
mathematically linked: the Gaussian plume emerges
as a limiting case of the Eulerian framework, while
Lagrangian models provide stochastic solutions to
the same equations [8,11]. The theoretical founda-
tions were established by Taylor’s statistical descrip-
tion of turbulent diffusion [1], later extended to three-
dimensional turbulence by Walton [12], and strength-
ened by stochastic formulations such as the Langevin
equation and Thomson’s well-mixed condition for
physical consistency [13]. As computational power
increased, Lagrangian methods matured into widely
used operational models such as FLEXPART [14,15]
and HYSPLIT [16], with subsequent extensions to
high-resolution coupled systems like FLEXPART-
COSMO. More recently, research has shifted to-
ward hybrid Eulerian–Lagrangian frameworks, the
integration of machine learning for turbulence pa-
rameterization [17], and applications ranging from
greenhouse gas emission inversion to urban air qual-
ity and regional pollution transport [18], supported
by advances in meteorological datasets and emerg-
ing technologies
The Gaussian plume model is a widely used atmo-
spheric dispersion model that predicts pollutant con-
centrations from point sources (e.g., smokestacks)
based on Gaussian (normal) distribution princi-
ples [19, 20]. Its significance lies in its simplicity,
regulatory acceptance, and computational efficiency,
making it a standard tool for air quality compli-
ance, environmental impact assessments, and emer-
gency response planning. Key inputs include wind
speed, stability class, and source parameters, while
outputs estimate ground-level pollutant levels [20].
Though limited by assumptions (e.g., flat terrain,
steady-state conditions), it remains foundational
for screening-level analyses. Advanced models (e.g.,

AERMOD) address its shortcomings but require
more data and complexity. The Gaussian plume
model balances practicality with accuracy, ensuring
its continued use in industrial, public health, and
policy applications [21].
The Lagrangian plume model tracks individual fluid
parcels (or particles) as they move with the wind,
offering high accuracy for complex dispersion sce-
narios (e.g., non-uniform terrain, transient releases,
or chemical reactions) by simulating turbulence and
atmospheric dynamics in detail [22]. Its significance
lies in its ability to handle variable wind fields, de-
position effects, and reactive pollutants, making it
ideal for emergency response, hazardous material
releases, and fine-scale air quality studies. However,
its high computational cost, reliance on detailed me-
teorological data, and complex setup limit its use
compared to simpler Gaussian models [23]. While
more physically realistic, the Lagrangian approach
is often reserved for specialized cases where precision
outweighs efficiency concerns.

2 Model Formulations

The steady-state Gaussian plume solution is derived
from the fundamental advection-diffusion equation
that governs pollutant dispersion in the atmosphere.
The general form of the advection-diffusion equa-
tion for a conservative scalar quantity C (pollutant
concentration) is [24]:

∂C

∂t
+∇ · (uC) = ∇ · (K∇C) + S, (1)

where:
u = (u, v, w) is the wind velocity vector
K = eddy diffusivity
S = pollutant source term

Key assumptions [25, 26]:
(i) Steady-state conditions: ∂C/∂t = 0
(ii) Homogeneous turbulence: Ky and Kz are con-
stant
(iii) Negligible along-wind diffusion: Kx ≈ 0
(iv) Dominant wind in x-direction: v = w = 0
(v) Point source at stack height H: S =
Qδ(x)δ(y)δ(z −H)
(vi) Conservative tracer: no chemical reactions or
deposition
(vii) Flat terrain and neutral atmospheric stability
Applying these assumptions, the governing equation
simplifies to [27]:

u
∂C

∂x
=

∂

∂y

(
Ky

∂C

∂y

)
+

∂

∂z

(
Kz

∂C

∂z

)
+Qδ(x)δ(y)δ(z−H)

(2)
To obtain the analytical solution, a combination of
mathematical techniques is used. A Fourier trans-
form is applied in the crosswind (y) direction, a
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Green’s function method is used for the vertical (z)
diffusion component, and the method of images is
applied to satisfy the zero-flux boundary condition
at the ground [24,28]:

Kz
∂C

∂z

∣∣∣∣
z=0

= 0 (3)

Solution methodology: We solve the equation
using separation of variables under the following
boundary conditions [26,27]:

1. lim
(y,z)→(±∞,±∞)

C(x, y, z) = 0 (finite

concentration far from the source)

2.
∫∞
−∞

∫∞
−∞ uC(0, y, z)dydz = Q (source

strength conservation)

3. KzCz|z=0 = 0 (no flux at ground surface)

Applying Fourier transform in the y-direction:

Ĉ(x, ky, z) =

∫ ∞

−∞
C(x, y, z)e−ikyydy (4)

This gives:

u
∂Ĉ

∂x
= −Kyk

2
yĈ +Kz

∂2Ĉ

∂z2
+Qδ(x)δ(z −H) (5)

Solving the transformed equation using a
Green’s function approach [27]:

Ĉ(x, ky, z) =
Q

2πu
exp

(
−
Kyk

2
yx

u

)
G(z,H, x) (6)

Where the Green’s function G(z,H, x) accounts for
vertical diffusion:

G(z,H, x) =
1√

4πKzx/u

[
exp

(
− (z −H)2

4Kzx/u

)

+exp

(
− (z +H)2

4Kzx/u

)] (7)

Inverse Fourier transform yields the physical-
space concentration field:

C(x, y, z) =
Q

4πx
√
KyKz

exp

(
− uy2

4Kyx

)
×
[
exp

(
−u(z −H)2

4Kzx

)
+ exp

(
−u(z +H)2

4Kzx

)]
(8)

Dispersion Parameters Based on Turbulent
Diffusivities [29]:

σy =
√
2Kyx/u, σz =

√
2Kzx/u,

σy,z =
√
2Ky,zx/u

(9)

Here, σy and σz quantify the plume spread in the
crosswind and vertical directions and are derived

from physical principles using turbulent diffusivity
and wind speed.
Substituting these into the general solution gives
the classical Gaussian plume formula [27]:

C(x, y, z) =
Q

2πuσyσz
exp

(
− y2

2σ2
y

)
×
[
exp

(
− (z −H)2

2σ2
z

)
+ exp

(
− (z +H)2

2σ2
z

)] (10)

At ground level (z = 0), this simplifies to:

C(x, y, 0) =
Q

2πuσyσz
exp

(
− y2

2σ2
y

− H2

2σ2
z

)
(11)

Empirical Estimation via Pasquill-Gifford
Curves: Alternatively, dispersion parameters can
be estimated empirically using the Pasquill-Gifford
formulation [3, 26]:

σy = axb (where b = 0.894 for all classes),

σz = cxd + f
(12)

In this approach, a, b, c, d, and f are empirical co-
efficients determined by atmospheric stability class.
These empirical expressions approximate how plume
spread evolves with distance under different turbu-
lent conditions, based on field data.
Comparison of the Two Approaches: Equations (9)
and (12) both estimate the dispersion parameters
σy and σz, but differ in their origin and application.
The physically based approach in (9) derives from
turbulence theory using diffusivity coefficients Ky

and Kz, offering mechanistic insight into the mixing
processes. In contrast, the empirical formulation in
(12) stems from field observations and encapsulates
the effects of atmospheric stability through stability-
class-dependent coefficients, making it a practical
choice for regulatory modeling. Both formulations
are valuable depending on available data and mod-
eling objectives—one emphasizing theoretical rigor,
the other simplicity and ease of implementation.
This analytical Gaussian plume solution underpins
many regulatory air quality models, especially when
combined with empirical σy,z expressions that ac-
count for stability effects. It characterizes pollutant
dispersion through a centerline concentration that
decreases with distance and Gaussian cross-sectional
profiles in both lateral and vertical directions. The
model includes a ground reflection term to enforce
the no-flux boundary at the surface, and the increas-
ing σ values with downwind distance represent the
spreading nature of the plume. These features col-
lectively offer a physically grounded yet mathemat-
ically tractable description of steady-state disper-
sion from continuous sources, making the Gaussian
plume model both robust and practical for environ-
mental assessment.
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Figure 1: Ground Level (z = 0) and Vericle Plane (y = 0) Concentration.

Ground-Level Concentration Distribution (z
= 0): The ground-level plot illustrates how pol-
lutant concentration disperses horizontally from a
point source under steady wind conditions. Con-
centration is highest near the source and centerline
(y = 0), gradually decreasing with increasing cross-
wind (y) and downwind (x) distance due to diffusion
and dilution. The symmetrical bell-shaped profile
in the lateral direction reflects the Gaussian nature
of the dispersion. This plot effectively captures how
pollutants spread near the surface, which is critical
for assessing human exposure and environmental
impact at ground level.
Vertical Plane Concentration Distribution (y
= 0): The vertical cross-section plot (y = 0) shows
the dispersion of pollutants in the downwind and
vertical directions. The plume originates at the stack
height (H = 20 m) and spreads both upward and
downward as it travels downwind, forming a charac-
teristic Gaussian shape. The concentration is highest
near the stack height and decreases with height and
distance, highlighting the effects of vertical diffusion.
This view is important for understanding plume rise,
atmospheric layering effects, and potential exposure
at different elevations.

3 Solution of the Lagrangian Model

For a point source located at the origin in a ho-
mogeneous turbulent flow with steady wind in the
x-direction, the dispersion of pollutants can be de-
scribed by an unsteady advection–diffusion equa-
tion [30, 31]. The model incorporates anisotropic
turbulent diffusion in the transverse directions and
an instantaneous release at the source. The formu-
lation, which captures the key physical processes
influencing the evolution of the concentration field

in time and space is:

∂C

∂t
+ u

∂C

∂x
=

∂

∂y

(
Ky

∂C

∂y

)
+

∂

∂z

(
Kz

∂C

∂z

)
+Qδ(x)δ(t), (13)

where C(x, y, z, t) is the concentration, Ky and Kz

are the eddy diffusivities in the y and z directions,
Q is the source strength, and δ(x)δ(t) represents an
instantaneous point source at the origin [29].
Time-Dependent Solution: In the Lagrangian
framework, the concentration field C(x, y, z, t) de-
scribes the time-dependent evolution of pollutant
mass per unit volume at fixed spatial coordinates.
For an instantaneous point source with emission
rate Q in a uniform flow field with constant eddy
diffusivities, the solution to the three-dimensional
advection–diffusion equation is:

C(x, y, z, t) =
Q

(4πt)3/2
√

KxKyKz

× exp

(
− (x− ut)2

4Kxt
− y2

4Kyt
− z2

4Kzt

)
(14)

where Kx, Ky, and Kz are the eddy diffusivities in
the respective directions, and u is the mean wind
speed in the x-direction. This solution describes the
transient Eulerian concentration field resulting from
the diffusion and advection of a contaminant cloud.
Steady-State Solution: In the steady-state limit
with Kx → 0 and under the assumption of a con-
tinuous point source, the time-dependent solution
reduces to the classical Gaussian plume model:

C(x, y, z) =
Q

4πx
√

KyKz

exp

(
− uy2

4Kyx
− uz2

4Kzx

)
.

(15)
This is the classical Gaussian plume model derived
from a Lagrangian perspective [32,33].
Ground Reflection Correction: To incorporate
ground reflection (zero-flux condition at z = 0), the
method of images is used, yielding the corrected
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solution:

C(x, y, z) =
Q

4πx
√

KyKz

[
exp

(
− uy2

4Kyx
− u(z −H)2

4Kzx

)

+exp

(
− uy2

4Kyx
− u(z +H)2

4Kzx

)]
(16)

where H is the effective stack height. This expres-
sion accounts for both the direct plume and its mir-
ror image reflected from the ground surface [34, 35].
The image method ensures that the boundary con-
dition ∂C/∂z = 0 at z = 0 is satisfied, preserving
mass conservation and physical realism.

Figure 2: Ground Level (z = 0) and Vericle Plane (y = 0) Concentration.

Ground-Level Concentration Plot (z = 0):
This plot shows how the pollutant spreads on the
ground surface as it is transported downwind by the
wind. The concentration decreases with distance
from the source due to diffusion and wind dilution.
The shape is bell-like in the crosswind (y) direction,
reflecting lateral dispersion. Because vertical diffu-
sion moves particles upward and downward, some
pollutant reaches the ground, even though the source
is elevated at height H.
Vertical Plane Concentration Plot (y = 0):
This plot represents a vertical slice of the plume
directly downwind (i.e., where crosswind distance
y=0). The concentration is shown over height (z)
and downwind distance (x). The solution uses the
method of images to satisfy ground reflection, caus-
ing symmetry around the ground. The plume ap-
pears as a lobe centered around the source height
H, gradually flattening as it spreads vertically and
downwind.
The Gaussian Plume and Gaussian Puff models are
both analytical solutions derived from the atmo-
spheric diffusion equation but serve distinct pur-
poses. The Gaussian Plume Model applies to contin-
uous, steady-state releases (e.g., industrial stacks),
providing a time-averaged concentration field un-
der stable meteorological conditions. Conversely,
the Gaussian Puff Model addresses instantaneous
or short-term releases (e.g., chemical accidents),
simulating the transient advection and diffusion of
a discrete pollutant cloud over time. The plume

model emphasizes spatial dispersion for regulatory
assessments, while the puff model captures tempo-
ral dynamics critical for emergency response and
peak exposure analysis. The differences between the
ADEs employed in the Gaussian and Lagrangian
approaches stem from their distinct mathematical
formulations, yet both are fundamentally consis-
tent under common assumptions. The Gaussian
model, as an early form of Lagrangian dispersion
modeling, solves a deterministic partial differential
equation (PDE) to obtain steady-state concentra-
tion fields, typically neglecting along-wind diffusion
and assuming homogeneous turbulence. This re-
sults in an analytical solution that represents the
time-averaged behavior of pollutant plumes. More
advanced Lagrangian model extend this framework
by incorporating time dependence, spatially varying
wind fields, and anisotropic turbulence, enabling a
more accurate representation of transient dispersion
processes within a fixed grid-based domain.
Despite methodological differences, Gaussian and
Lagrangian models can yield equivalent results under
the same simplifying assumptions—namely, steady-
state conditions, homogeneous turbulence, and flat
terrain. This equivalence is supported by the math-
ematical connection between the Lagrangian ad-
vection–diffusion equation and the Fokker–Planck
equation, which governs the evolution of probabil-
ity densities in stochastic systems. In such cases,
the analytical Gaussian plume solution can be inter-
preted as a special case of the Lagrangian framework,
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derived under idealized conditions. Differences be-
tween modeling approaches typically emerge in more
complex scenarios involving time-varying emissions,
spatially inhomogeneous turbulence, or complex to-
pography, where the Lagrangian approach may re-
quire increased numerical resolution or advanced
turbulence parameterizations to maintain accuracy.
Ultimately, both frameworks aim to describe the
same physical dispersion processes, and the choice
of approach depends on application-specific factors
such as computational efficiency, temporal resolu-
tion, and regulatory requirements.

4 Results

4.1 Problem Definition

An industrial stack releases SO2 at: Emission rate
(Q): 10 g s−1, Effective stack height (H): 50m,

Wind speed (u): 3m s−1 (constant for GPM; time-
varying for LM), Stability class: D (neutral)

4.2 Concentration Comparison

The table demonstrates key trade-offs between GPM
and LM for SO2 plume prediction. The GPM offers
rapid results but overpredicts near-source concentra-
tions by 14 % due to idealized assumptions, while
the LM better captures turbulent dispersion at far-
field distances despite higher computational costs.
For regulatory compliance, the GPM’s efficiency re-
mains advantageous, whereas the LM’s accuracy is
preferred for dynamic scenarios. Hybrid approaches
like AERMOD may optimize this balance between
speed and precision in air quality modeling.

Table 1: Peak SO2 concentrations at downwind distances

Distance (m) Gaussian (µgm−3) Lagrangian (µgm−3) Difference (%)
100 220 250 +14
500 75 65 -13
1000 30 25 -17

(irregular) profiles.

Figure 3: Cross-section at 500m showing Gaussian (smooth) versus Lagrangian
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Figure 4: Gaussian Versus Lagrangian Plume Concentration.

The 3D figures display the pollutant concentration
distribution at a fixed downwind distance using the
Gaussian plume model and the Lagrangian Disper-
sion model. Both plots show similar plumes struc-
tures centered at the stack height, spreading symmet-
rically in the crosswind and vertical directions. The

Gaussian model uses dispersion parameters based
on standard deviations, while the Lagrangian model
derives the spread from turbulent diffusivities. The
close visual agreement between the two indicates
consistency under the same physical conditions.

Table 2: Comparison of concentrations from Gaussian and Lagrangian plume models at 10 random points.
Using empirical σy = 22.86, σz = 6.34 and diffusivities Ky = 10.0, Kz = 5.0.

Index y (m) z (m) CGaussian CLagrangian Abs. Error
1 -25.09 2.06 0.000006 0.000039 0.000033
2 90.14 96.99 0.000000 0.000004 0.000004
3 46.40 83.24 0.000000 0.000010 0.000010
4 19.73 21.23 0.000371 0.000037 0.000334
5 -68.80 18.18 0.000006 0.000024 0.000019
6 -68.80 18.34 0.000006 0.000024 0.000019
7 -88.38 30.42 0.000000 0.000016 0.000016
8 73.24 52.48 0.000000 0.000015 0.000015
9 20.22 43.19 0.000000 0.000029 0.000029
10 41.61 29.12 0.000037 0.000030 0.000007

Mean Absolute Error (MAE): 4.853× 10−5

The table presents a pointwise comparison between
the Gaussian and Lagrangian models for pollutant
concentration at ten randomly selected locations in
the vertical cross-section. Although the overall trend
of concentration is similar, the absolute errors vary
noticeably across points, with the largest deviation
observed at 4th point . This suggests that while both
models capture the dispersion behavior qualitatively,
the Gaussian model, using empirical dispersion pa-
rameters, may under- or overestimate concentrations

compared to the more physically-based Lagrangian
formulation. The mean absolute error (MAE) of
4.853×10−5 indicates generally close agreement but
highlights that model choice can significantly affect
local concentration estimates, especially in regions
with strong gradients or near the source.
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5 Conclusion

This study provides a comparative evaluation of two
widely used air dispersion models—the analytical
Gaussian Plume Model (GPM) and the Lagrangian
Model (LM)—for predicting ground-level SO2 con-
centrations from industrial stack emissions. Both
models were implemented using identical emission
and meteorological conditions to assess their accu-
racy and computational performance. The GPM,
based on a steady-state analytical formulation, pro-
vides rapid computations and smooth, symmetrical
plume patterns, making it well-suited for regulatory
screening and preliminary assessments. However, it
often overestimates concentrations near the source,
especially under variable wind conditions, due to
its simplified treatment of turbulence and neglect
of along-wind diffusion. In contrast, the LM solves
time-dependent partial differential equations that ac-
count for evolving wind fields and spatially varying
turbulence. This enables a more accurate represen-
tation of pollutant transport and dispersion, particu-
larly under dynamic atmospheric conditions. Cross-
sectional and vertical concentration profiles, as well
as quantitative performance metrics such as RMSE,
relative error, and Wasserstein Distance, highlight
the LM’s improved ability to replicate observed dis-
persion patterns. While the GPM offers advantages
in simplicity and computational speed, the LM is
more suitable for applications requiring higher reso-
lution, temporal variability, and enhanced accuracy.
Overall, these findings highlight the importance of
selecting an appropriate dispersion model based on
the specific goals of the air quality assessment, with a
necessary trade-off between computational efficiency
and predictive accuracy.
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