
BIBECHANA
Vol. 23, No. 1, January 2026, 57-67

ISSN 2091-0762 (Print), 2382-5340 (Online)
Journal homepage: http://nepjol.info/index.php/BIBECHANA

Publisher:Dept. of Phys., Mahendra Morang A. M. Campus (Tribhuvan University)Biratnagar

Energy eigenvalue and thermodynamic properties for
Deng-Fan screening potential

Bibek Panta 1, Santosh Kumar Das 1, Saddam Husain Dhobi 1,2

1Department of Physics, Patan Multiple Campus, Lalitpur, Tribhuvan University
2Central Department of Physics, Tribhuvan University, Kirtipur, Kathmandu Nepal

∗Corresponding author. Email: dassantosh29@gmail.com
Abstract

This research aims to study energy eigenvalues and thermodynamic properties associated with
the screening Deng-Fan potential in diatomic molecules. For this authors developed a the-
oretical model for energy eigenvalues and investigated the nature of energy eigenvalues for
H2, Cl2, and HCl, considering screening parameters and bond dissociation energy. The study
involves detailed exploration, numerical simulations, and analysis to understand the relation-
ship between screening parameters and energy levels. The bond dissociation energy affects the
energy levels, providing insights into bond formation and breaking processes. The thermo-
dynamic properties, partition function decreases exponentially within 0.005 screening range
for H2, Cl2, and HCl. Entropy drops exponentially due to screening, Cl2 has higher entropy
due to electron density and screening effects. Mean free energy stays constant, Cl2 is higher
due to electron density and screening. Specific heat capacity is zero, indicating electrons lack
measurable heat capacity unlike macroscopic objects. The findings are expected to contribute
significantly to molecular physics and quantum mechanics, enhancing our understanding of
molecular bonding and reactivity with potential applications in diverse physical systems and
technologies.
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1 Introduction

The Eckart potential, which was first presented by
Eckart in 1930, is a diatomic in nature molecu-
lar model that is crucial to both physics as well
as chemical physics. Because of its importance,
many academics have looked at bound condition
solutions for the related wave equations. Because
of its applicability in physics, analytical methods
for resolving these bound state issues have at-
tracted a lot of interest over time. These techniques
make it easier to derive analytic eigen-solutions for

relativistic as well as non-relativistic wave equa-
tions, which is essential for comprehending the
behaviour of quantum mechanical systems. The
Heun function approach, Laplace transformation,
ansatz solution, super-symmetric quantum mechan-
ics (SUSYQM), exact quantization methods, se-
ries expansion, Nikiforov-Uvarov method (NU) [1],
Asymptotic iterative method (AIM) [2], and others
are frequently used approaches. The latter is espe-
cially useful for studying solvable quantum systems
that were previously unsolvable, such as the Kon-
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went potential, rigid rotor problem, Mathieu poten-
tial, or sextic-type problem [3].

A quick and easy way to forecast how thermo-
dynamic functions of a desired chemical process will
change is to use the thermodynamic characteristics
of gaseous compounds. In both the practical and
theoretical aspects of material processing, however,
understanding thermodynamic parameters such as
enthalpy (H), entropy (S), as well as Gibbs free en-
ergy (G) for the chemical species is always the main
goal. More research is currently being done on di-
atomic systems for a variety of uses in several do-
mains, including phase transitions, adsorption, dis-
solution, and diverse chemical processes [4]. Parti-
tion functions are used to thermodynamic proper-
ties (total energy, free energy, entropy, specific heat
capacity, entropy, etc.). The partition function is
defined as

Z =
∑

gie
−βϵi with β =

1

kBT
(1)

Numerous potential functions have been used to
model interatomic interactions in diatomic molecu-
lar systems. Depending on the type of interaction
occurring within the system, these possible func-
tions change. The Deng-Fan potential, which is ob-
tained by taking the Manning-Rosen function rep-
resenting the vibration potential energy into con-
sideration, is an improvement on the potential pre-
viously stated. Described by Deng and Fan, the
Generalised Morse potential (GMP) is associated
with the Manning-Rosen potential referred to as the
Eckart potential by,

V (r) = De

[
1− b

eηr − 1

]2
(2)

where re is the equilibrium bond length, b =
eηre − 1; 0 ≤ r < ∞, De is the dissociation energy,
η is the screening parameter that determines the
well’s breadth, and r is the internuclear distance.
These shortcomings inspired Deng and Fan to de-
velop a brand-new, enhanced potential known as
the Deng-Fan, or generalised Morse potential. Ap-
plying the Hulthen-Kratzer potential (HKP) model
with magnetic as well as AB fields, Edet and Ikot
investigated the N2, I2, CO, NO, and HCl diatomic
molecules. Different approaches are presented [5] as
well as utilised in quantum mechanics to solve the
wave equations using a specific specified solvable
potential in order to compute the energy eigenvalue.
The power series definition of the hypergeometric
function approach is applied for |z| < 1.

2F1(a, b; c; z) =

∞∑
n=0

(a)n(b)n
(c)n

zn

n!

= 1 +
ab

c

z

1!
+
a(a+ 1)b(b+ 1)

c(c+ 1)

z2

2!
+ . . .

(3)

Euler’s Hypergeometric differential problem has
a solution known as the Hypergeometric function
[6].

z(z− 1)
d2ω

dz2
+ [c− (a+ b+ 1))]

dω

dz
− abω = 0 (4)

which has three regular singular points: 0,1 and
∞.

2 Literature Review

The Deng-Fan and Morse potentials to deal with
the X-H expanding motion in tiny molecules. Sim-
ilar to what happens to the Morse potential, the
Deng-Fan potential displays the proper asymp-
totic behaviour when the interatomic distance ap-
proaches zero. The Deng-Fan potential does not
perform considerably better than the Morse poten-
tial in forecasting observed energy levels as well as
intensities in the examined cases, despite its ac-
curate asymptotic behaviour [7]. The Nikiforov-
Uvarov technique [8] was used to generate bound
state solutions for the Deng-Fan molecular poten-
tial for diatomic molecule (HCl, LiH, H2, ScH, TiH,
VH, CrH, CuLi, TiC, NiC, ScN, as well as ScF).
Recently, Ekwevugbe [9] used the WKB approxima-
tion to obtain a nonrelativistic energy the spectrum
corresponding to the Deng-Fan oscillator. It is well
known that the Deng-Fan potential (DFP) is a very
empirical method for accurately representing the
electromagnetic transitions and energy spectrum of
diatomic molecules (DM). Deng and Fan first pro-
posed the DFP in 1957 as a way to take into con-
sideration the conditions at the boundaries at both
the origin and infinity of the ro-vibrational spec-
trum of DM, also known as the generalised Morse
potential [10]. Moreover, this potential can be used
to analyse and extract the energy spectra of di-
atomic molecular systems. Notably, Dong and Gu
were able to solve the Schrödinger equation with
the Deng-Fan molecular potential in 2008 [11].

In examining atomic interactions inside di-
atomic molecules, the Deng–Fan–Eckart potential
assists the Morse potential by employing an en-
hanced Pekeris-type approximation to manage the
centrifugal term, bound-state solution for the ra-
dial Schrödinger equation. The energy equation al-
lows the Poisson summation method to be used to
evaluate the thermodynamic properties of specific
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diatomic molecules (H2, CO, ScN, and ScF). By
modifying potential parameters, calculating numer-
ical eigenvalues, and exhibiting outstanding agree-
ment with alternative techniques, the accuracy is
confirmed [12]. Using the ordinary differential tech-
nique and specific characteristics of Gaussian hy-
pergeometric functions, precise analytical formula-
tions for regular as well as irregular solution in all
partial waves are constructed. For a few lower par-
tial waves, the function derived from the irregu-
lar solution’s near-origin behaviour is suitably em-
ployed to calculate scattering phase changes for the
systems of protons and deuteron neutrons. Al-
though we did not employ the screening effect, our
findings are in good accord with the experimental
data [13].

2.1 Research gap

For the purpose of describing diatomic molecular
vibrations, Deng and Fan devised the molecular
Deng-Fan potential, which is a modified version of
their Morse potential. Despite its application in
various contexts and its well-studied nature, there
exists a research gap regarding the analysis of en-
ergy eigenvalues linked to the Deng-Fan screen-
ing potential. While extensive research has ex-
plored Deng-Fan potentials, including their theoret-
ical framework and applications, the specific inves-
tigation into energy eigenvalues within the realm of
Deng-Fan screening potential remains unexplored.
The prevailing literature has focused on the effects
of Deng-Fan potentials on interactions, scattering,
and related phenomena. However, the crucial as-
pect of quantifying and analyzing energy eigen-
values resulting from the integration of Deng-Fan
screening potential into quantum mechanical sys-
tems has not been adequately addressed. This re-
search seeks to address this gap by delving into the
energy eigenvalues linked to the Deng-Fan screen-
ing potential. Through a comprehensive theoretical
and computational analysis, the study aims to pro-
vide insights into how the Deng-Fan screening po-
tential influences energy levels within quantum me-
chanical systems. This analysis is vital for a broader
understanding of the implications of Deng-Fan po-
tentials and their effects on particle interactions and
system dynamics.

2.2 Significant of work

This research holds significance by addressing a gap
in the analysis of energy eigenvalues associated with
the Deng-Fan screening potential. Despite the well-
studied nature of Deng-Fan potentials, their specific
impact on energy levels within quantum systems re-
mains unexplored. This study’s comprehensive ex-
ploration provides insights into this crucial aspect,
enhancing our understanding of how the Deng-Fan

screening potential influences particle behavior. By
bridging this gap, the research contributes to a more
comprehensive grasp of particle interactions, offer-
ing potential applications in diverse fields where ac-
curate energy predictions are vital, from molecular
dynamics to quantum chemistry.

3 Methods and Materials

3.1 Theoretical formulation

Using the aforementioned analytical techniques, the
Schrödinger equation (SE) can be examined for var-
ious quantum-mechanical phenomena. The analyt-
ical solutions of this equation in the presence of a
physical potential are crucial to our comprehension
of the fundamentals of a quantum system. This
is due to the fact that the eigenvalues as well as
eigenfunctions provide important details about the
quantum system that is being studied. Nonetheless,
in certain situations—the Coulomb potential, for
instance—it is possible to obtain the precise bound
state solutions of the SE of several of these poten-
tials. When the random angular momentum quan-
tum number l does not correspond to equal to zero,
the SE can be solved using an acceptable approxi-
mation approach such as Pekeris or Greene as well
as Aldrich, among others, to achieve the approxi-
mate solutions [12]. The radial form of schrodinger
wave equation (SE) is

ψ
′′
(r)+

2m
2

[
Enl − V (r)− l(l + 1)2

2mr2

]
ψ(r) = 0 (5)

Here ψ(r) is radial wave function, Enl is energy
eigen value, V (r) is potential strength, m is reduce
mass, l is orbital quantum number using centrifugal
approximation to get rid of centrifugal approxima-
tion [14]; (Greene and Aldrich approximation)

1

r2
=

η2

(1− e−ηr)
2 (6)

The Deng–Fan potential physically represents
the realistic interaction between two atoms in a di-
atomic molecule, showing strong repulsion at short
interatomic distances, stable bonding at the equi-
librium distance, and a gradual weakening of at-
traction as the atoms move farther apart until the
bond dissociates. It effectively captures the bal-
ance between attractive and repulsive forces, pro-
viding a more accurate description of molecular vi-
bration and bond behavior than simpler potentials
like the Morse potential. Now, using Deng- fan po-
tential [15] by modified to Deng-fan potential as
shown in equation (7) is given by

V (r) = De

(
1− b

eηr − 1

)2

e−ηr (7)
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De is energy of dissociation, η is screening pa-
rameter(width of well), b = eηr−1, re is equilibrium
bond length , r is the inter-nuclear distance. The
modification of the Deng–Fan potential, as given in
equation (7), was necessary to include the effect of
the screening parameter (η), which represents the
influence of an external environment on the inter-
action between two atoms in a molecule. This mod-
ified form allows the potential to account for how
the molecular bond and interaction energy change
when an external screening field is introduced, such
as in a plasma or thermally active medium. The
original Deng–Fan potential does not consider such
screening effects; therefore, this modification pro-
vides a more realistic description of the screened
molecular interaction. Moreover, since no previous
research has examined this specific screened form, it
offers a novel approach to understanding the nature
of molecular interactions under external screening
conditions.

ψ′′(z) +
ψ′(z)

z
+

[
2mEnl
2η2z2

− 2mDe

2η2z
+

4mbDe

2η2z(1− z)

− 2mb2De

2η2z(1− z)2
− l(l + 1)

z2(1− z)2

]
ψ(z) = 0

(8)

Let, z = e−ηr and hence z = 1
eηr => eηr = 1

z ,

So, ∂z
∂r =

∂(e−ηr)
∂r = −ηe−ηr = −ηz, ∂ψ(r)

∂r =
∂ψ(z)
∂z

∂z
∂r = ∂ψ(z)

∂z (−ηe−ηr) = −ψ′(z)ηe−ηr =

−ηψ′(z)z, ψ
′′
(r) = η2z2ψ

′′
(z) + η2zψ′(z) and on

substituting the value of exponential in term of z
from equation (??) and solving we get

ψ′′(z) +
ψ′(z)

z
+

[
2mEnl
2η2z2

− 2mDe

2η2z
+

4mbDe

2η2z(1− z)

− 2mb2De

2η2z(1− z)2
− l(l + 1)

z2(1− z)2

]
ψ(z) = 0

(9)

Now multiply by z(1− z) on both side of equa-
tion (9) we get,

ψ′′(z)z(1− z) + ψ′(z)(1− z) +

[
2mEnl(1− z)

2η2z

− 2mDe(1− z)
2η2

+
4mbDe

2η2

− 2mb2De

2η2(1− z)
− l(l + 1)

z(1− z)

]
ψ(z)

(10)

Assuming, 2mEnl
2η2 = −ϵ2, 2mDe

2η2 = σ, 4mbDe
2η2 = δ,

2mb2De
2η2 = α, l(l + 1) = λ and putting this assump-

tion of equation (10) we get,

ψ
′′
(z)z(1− z) + ψ′(z)(1− z) +

[
−ϵ2(1− z)

z
− σ(1− z)

+ δ − α

(1− z)
− λ

z(1− z)

]
ψ(z) = 0

(11)

The behavior of equation (11) asymptotically at
r → ∞ (z → 0) and r → 0 (z → 1) is now shown.
The newly developed function f(z) will now be in-
troduced as

ψ(z) = zµ(1− z)ϕf(z) (12)
Differentiating equation (10) we have ψ′(z) =

µzµ−1(1 − z)ϕf(z) − zµϕ(1 − z)ϕ−1f(z) + zµ(1 −
z)ϕf ′(z) and ψ

′′
(z) = zµ(1−z)ϕf ′′

(z)+2µzµ−1(1−
z)ϕf ′(z) − 2ϕzµ(1 − z)ϕ−1f ′(z) − 2ϕµzµ−1(1 −
z)ϕ−1f(z) + ϕzµ(ϕ − 1)(1 − z)ϕ−2f(z) + µ(µ −
1)zµ−2(1−z)ϕf(z) on substituting these value with
the help of equation (12) in (11) we get on solving,

z(1− z)f ′′(z) + [(1 + 2µ)− (2µ+ 2ϕ+ 1)z] f ′(z)

−
[
2µϕ− ϕ2z

1− z
+

ϕz

1− z
− µ2

z
+ µ2 + ϕ

]
f(z)

+

[
−ϵ

2(1− z)

z
− σ(1− z) + δ − αz2

1− z
− λ

z(1− z)

]
f(z) = 0

(13)

Multiplying by minus sign in second last term,

z(1− z)f ′′(z) + [(1 + 2µ)− (2µ+ 2ϕ+ 1)z] f ′(z)

+

[
−2µϕ+

ϕ2z

1− z
− ϕz

1− z
+
µ2

z
− µ2 − ϕ

]
f(z)

+

[
−ϵ

2(1− z)

z
− σ(1− z) + δ − αz2

1− z
− λ

z(1− z)

]
f(z) = 0

(14)

Arranging two last term, ϕ2z
(1−z) − ϕ2

(1−z) =

ϕ2z−ϕ2

(1−z) = ϕ2(z−1)
(1−z) = −ϕ2(1−z)

(1−z) = −ϕ2 => ϕ2z
(1−z) =

−ϕ2 + ϕ2

(1−z) of equation (14) and solving we get

z(1− z)f ′′(z) + [(1 + 2µ)− (2µ+ 2ϕ+ 1)z] f ′(z)

−
[
(µ+ ϕ)2 + (µ+ ϕ) + λ

]
f(z)

+

[
ϵ2

z
+ ϵ2 − σ + σz + δ − αz2

1− z
−

λ

z
− λ

1− z
+

ϕ2

1− z
+
µ2

z
+ ϕ

− ϕ

1− z
+ λ+ µ

]
f(z) = 0 (15)
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Also using relation λ
z + λ

(1−z) = λ−λz+λz
z(1−z) =

λ
z(1−z) and ϕ − ϕ

(1−z) = ϕ(1−z)−ϕ
(1−z) = ϕ−ϕz−ϕ

(1−z) =

− ϕz
(1−z) in equation (15) and solving we get,

z(1− z)f
′′
(z) + [(1 + 2µ)− (2µ+ 2ϕ+ 1)z] f ′(z)

−
[
(µ+ ϕ)2 + (µ+ ϕ) + λ

]
f(z)

+

[(
−ϵ2 + µ2−λ

z

)
+ σz + (ϵ2

− σ + δ + ϕ+ λ+ µ)

+

(
−αz2 + ϕ2 − ϕ

(1− z)

)]
= 0 (16)

Equation (16) is gaussian hypergeometric dif-
ferential equation [6] when square term bracket is
equal to zero. On equating to zero the square
bracket term, we can also obtained the required
value as σ = 0, −ϵ2 + µ2 => ϵ2 = µ2, ϵ2 − σ +
δ + ϕ + λ + µ = 0 => µ2 + δ + ϕ + λ + µ = 0 and
µ2+ δ+ϕ+λ+µ = 0 => ϕ = −(µ2+ δ+λ). Also,
as third term of equation (16) can be written as,

(µ+ ϕ)2 + (µ+ ϕ) + λ

= µ2 + ϕ2 + 2µϕ+ µ+ ϕ+ λ

= µ2 + ϕ2 +
1

4
+ 2µϕ+ ϕ+ µ− 1

4
+ λ

=

(
µ+ ϕ+

1

2

)2

−

(√
1

4
− λ

)2

=

(
µ+ ϕ+

1

2
+

√
1

4
− λ

)
×(

µ+ ϕ+
1

2
−
√

1

4
− λ

)
(17)

Now the from equation (17) and equation (16),
the equation (16) become

z(1− z)f
′′
(z) + [(1 + 2µ)− (2µ+ 2ϕ+ 1)z] f ′(z)

−

[(
µ+ ϕ+

1

2
+

√
1

4
− λ

)
(
µ+ ϕ+

1

2
−
√

1

4
− λ

)]
f(z) = 0

(18)

Now comparing equation (18) and (4)

we have, a =
(
µ+ ϕ+ 1

2 +
√

1
4 − λ

)
, b =(

µ+ ϕ+ 1
2 −

√
1
4 − λ

)
and c = 1 + 2µ. Now,

by replacing the given value of f(z) in equation (12)
with these parameters, we obtain

ψ(z) = zµ(1− z)ϕ 2F1

[
µ+ ϕ+

1

2
+

√
1

4
− λ,

µ+ ϕ+
1

2
−
√

1

4
− λ; 1 + 2µ; z

]
(19)

A polynomial equation with n =
0, 1, 2, 3, . . . , nmax integer will be formed from the
hypergeometric function f(Z) if a, b, and c are
equal to the negative of the integer (n). Quantum
condition application [?] a = −n, we have,

µ+ ϕ+
1

2
+

√
1

4
− λ = −n (20)

Assuming 1
2 +

√
1
4 − λ = ξ, we obtained, µ =

−n−ϕ− ξ, also we have ϕ = −(µ2+ δ+λ). There-
fore, on similifcation we get µ2 − µ + δ + λ − ξ −
n = 0 and comparing with quadratic Equation,
a1x

2 + b1x + c1 = 0. we get a1 = 1, b1 = −1,
c1 = δ + λ − ξ − n, and solving for root we get

µ =
1±

√
1−4(δ+λ−ξ−n)

2 . The Equation is valid
only when (1− 4(δ + λ− ξ − n)) is perfect square
.i.e. 1 − 4(δ + λ − ξ − n) = χ2. And hence
µ = 1±χ

2 . On taking positive and negative, we get
µ+ = 1+χ

2 and, µ− = 1−χ
2 . Squaring both side we

get, µ2
+ = 1+2χ+χ2

4 and, µ2
+ = 1−2χ+χ2

4 . Since we
have ϵ2 = µ2, and now substituting value of µ in
above we get

ϵ2 =
1

4

[
1 + 2 {1− 4(δ + λ− ξ − n)}+

{1− 4(δ + λ− ξ − n)}2
]

(21)

Substituting the value in 2mEnl
2η2 = −ϵ2 we have

from equation (19) as

Enl = −
2η2

8m

[
1 + 2 {1− 4(δ + λ− ξ − n)}+

{1− 4(δ + λ− ξ − n)}2
]

(22)

3.2 Thermodynamic Properties

For this work we take positive value and hence ther-
modynamic Properties [?] is obtained as

Zvibration =

n∑
n=0

eβ
2η2

8m [1+2{1−4(δ+λ−ξ−n)}+{1−4(δ+λ−ξ−n)}2]

(23)
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3.2.1 Mean energy

U(β) =
∂

∂β
(lnZvib(β))

=
∂

∂β

[
ln

{
eβ

2η2

8m [1+2{1−4(δ+λ−ξ−n)}+{1−4(δ+λ−ξ−n)}2]
}]
(24)

3.2.2 Mean free energy

F (β) = −kBT ln (Zvib(β))

= −kBT×

ln

{
eβ

2η2

8m [1+2{1−4(δ+λ−ξ−n)}+{1−4(δ+λ−ξ−n)}2]
}

(25)

3.2.3 Specific heat capacity

Cs(β) = kB β2 ∂
2

∂β2
(lnZvib(β))

= kB β2 ∂
2

∂β2

ln

{
eβ

2η2

8m [1+2{1−4(δ+λ−ξ−n)}+{1−4(δ+λ−ξ−n)}2]
}

(26)

3.2.4 Entropy

S = kB (lnZvib(β))− kBT
∂

∂β
(lnZvib(β))

= kB×

ln

{
eβ

2η2

8m [1+2{1−4(δ+λ−ξ−n)}+{1−4(δ+λ−ξ−n)}2]
}

− kBT×
∂

∂β
ln

{
eβ

2η2

8m [1+2{1−4(δ+λ−ξ−n)}+{1−4(δ+λ−ξ−n)}2]
}

(27)

4 Results and Discussion

To study the nature of eigen value of screening pa-
rameters is used between 0.001 to 0.5, n = 0 to
2 and l = 0 to 1 for H2, Cl2 and HCl. The Dis-
sociation energy of H2, CL2 and HCl is 4.738 eV,
2.514 eV and 4.618 eV respectively; and equilibrium
bond distance is taken 0.74 , 1.93 and 1.27 , re-
spectively [16–18].

4.1 Energy eigenvalue of H2, Cl2 and HCl
with screening parameter

The computations were carried out using an atomic
screening parameter of 0.9, with both the Planck
constant and reduce electron mass normalized to
1 atomic unit. The molecular parameters used in
the calculations include equilibrium bond lengths of
0.74 Å for H2, 1.93 Å for Cl2, and 1.27 Å for HCl.
The corresponding dissociation energies considered
were 5.938 eV for H2, 2.514 eV for Cl2, and 4.618
eV for HCl. The results indicate that the energy
eigenvalues increase with the screening parameter,
and tend to converge around 0.5 for quantum states
n = 0 − 2 and l = 0 − 1. For the ground state
(n = l = 0), the energy eigenvalues were found to
range from 6.6 eV to 7.6 eV for Cl2, and from 7.0 eV
to 7.6 eV for HCl. Notably, at approximately 7.6
eV, the eigenvalues of Cl2 and HCl become nearly
identical, indicating energetic coincidence between
the two molecules. In contrast, H2 exhibits a lower
energy eigenvalue of about 6.25 eV, showing a rela-
tively linear behavior with respect to screening vari-
ation.

Furthermore, the energy eigenvalues for n = l =
0 are observed to be higher than those for n = 1 and
l = 0, while for n = 2, the values corresponding to
l = 0 are lower than those for l = 1. This demon-
strates the influence of both principal and orbital
quantum numbers on molecular energy states un-
der screened conditions.

The energy eigen value of H2, Cl2 and HCl with
screening parameters is shown in figure 1. The na-
ture found that with increasing the screening pa-
rameters energy eigenvalue also increase. The en-
ergy eigenvalue with quantum number n = 0 to
n = 2 and l = 0 to l = 1 shows, HCl has higher
energy eigenvalue, for Dang-Fan screening poten-
tial. The increase in energy eigenvalues with screen-
ing parameters is a characteristic feature observed
in some physical systems, especially when dealing
with screened potentials. In quantum mechanics,
screening refers to the shielding effect experienced
by charged particles (such as electrons) when they
are influenced by external electric fields, typically
due to other charged particles in the vicinity. The
screening effect weakens the interaction between the
external field and the particle, leading to a reduc-
tion in the effective potential experienced by the
particle. The results of the solution of the equation
developed by Schrödinger for the provided poten-
tial are what define the energy levels when talking
about the energy eigenvalue of the particle in a po-
tential well as well as potential barrier (such as the
Dang-Fan screening potential). When screening pa-
rameters are increased, it means that the screening
effect becomes stronger. In the context of screening
potentials, this typically implies that the potential
experienced by the particle is further reduced due to
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increased shielding. As a result, the energy levels of
the particle, represented by the energy eigenvalues,
will increase. The increase in energy eigenvalues
with stronger screening parameters can be under-
stood intuitively as the particle experiencing less
confinement or barrier height due to the reduction
in the effective potential. This effect can have im-
portant implications for various physical systems,
including atoms, molecules, and condensed matter
systems, where screening plays a significant role.
Keep in mind that the specific behavior of the en-
ergy eigenvalues with respect to screening parame-
ters depends on the exact form of the potential and
the particular system under consideration. It is es-
sential to analyze the potential and solve the cor-
responding Schrödinger equation to determine the
precise relationship between energy eigenvalues and
screening parameters in a given physical context.

(a) n = 0, l = 0 (b) n = 1, l = 0

(c) n = 2, l = 0 (d) n = 2, l = 1

Figure 1: Energy eigenvalue with screening poten-
tial.

Edet et al. (2020) [12] studied the thermal prop-
erties of the Deng–Fan–Eckart potential model us-
ing the Poisson summation approach for molecules
such as H2, CO, ScN, and ScF. They found that
the energy eigenvalue for the lower orbital quan-
tum state (2p) was positive, and that these positive
energy values increased with the rise in screening
parameters across all quantum states.

4.2 Energy eigen value of H2, Cl2 and HCl
with dissociation energy in screening
Dang-Fan Potential

The increase in energy eigenvalue of H2, Cl2, and
HCl with bond dissociation energy can be un-

derstood by considering the relationship between
molecular bonding and potential energy. The com-
putations were performed with an atomic screening
parameter of 0.9, taking the Planck constant and re-
duced electron mass equal to 1 in atomic units. The
molecular parameters used in the analysis include
equilibrium bond lengths of 0.74 Å for H2, 1.93 Å
for Cl2, and 1.27 Å for HCl. The dissociation ener-
gies considered were 5.938 eV for H2, 2.514 eV for
Cl2, and 4.618 eV for HCl. In the case of H2, Cl2,
and HCl, when these molecules are bonded, they
are in a relatively stable state with a certain poten-
tial energy associated with the bond. The equation
developed by Schrödinger, which incorporates both
the potential energy resulting from interactions be-
tween particles and the energy generated by the mo-
tion of the particles (nuclei and electrons), describes
the overall energy of a molecular system in quan-
tum mechanics. The solutions to the Schrödinger
equation yield the energy eigenvalues, which rep-
resent the quantized energy levels of the system.
The increase in energy eigenvalues with bond dis-
sociation energy is a fundamental feature of molec-
ular systems and is crucial for understanding the
thermodynamics and kinetics of chemical reactions.
It provides insights into the energy changes associ-
ated with breaking and forming bonds in molecules,
which are central to many chemical and biological
processes. The nature of eigen value with dissocia-
tion energy for n = 0 to n = 2 and l = 0 to l = 1 is
shown in figure 2.

The energy eigenvalues were found to vary de-
pending on the molecular species and the quan-
tum states considered. For the Cl2 molecule, the
eigenenergy ranges from 6.3 eV to 7.2 eV, while for
HCl, it lies between 6.7 eV and 7.3 eV. In contrast,
the H2 molecule exhibits a lower energy range, from
5.7 eV to 6.1 eV, for the quantum state defined by
n = 0 and l = 0. When the principal quantum num-
ber increases to n = 1 with l = 0, the correspond-
ing energy eigenvalues of all three molecules are ob-
served to decrease, indicating a reduction in bound-
state energy with higher quantum excitation. Fur-
thermore, for n = 2, the energy eigenvalues for l = 0
are lower than those for l = 1, showing the influence
of orbital angular momentum on the total molecu-
lar energy.

The bond in H2 is a simple covalent bond,
where two hydrogen atoms share electrons to form
a molecule. Hydrogen is the lightest element with
relatively low electronegativity. The bonding elec-
trons are held less tightly, resulting in a weaker
bond. The bond in Cl2 is also a covalent bond,
but chlorine is a heavier element compared to hy-
drogen with higher electronegativity. The increased
size and higher electronegativity lead to stronger
bonding between chlorine atoms compared to hy-
drogen. HCl has a polar covalent bond between hy-
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drogen and chlorine. Chlorine is significantly more
electronegative than hydrogen, causing the bonding
electrons to be shifted closer to the chlorine atom.
The results of this study show a similar trend to
those reported by Edet et al. (2020) [12]; however,
the obtained Enl values are higher than those in
their work. Moreover, the behavior of the dissoci-
ation energy observed here aligns with the findings
of Edet et al. [12], who investigated the thermal
properties of the Deng–Fan–Eckart potential model
using the Poisson summation approach.

(a) n = 1, l = 0 (b) n = 0, l = 0

(c) n = 2, l = 1 (d) n = 2, l = 0

Figure 2: Energy eigenvalue with dissociation en-
ergy

4.3 Thermodynamic properties

4.3.1 Partition function with beta

The partition function decreases sharply for screen-
ing parameters below 0.002, shows a moderate de-
crease between 0.002 and 0.005, and remains nearly
constant above 0.005. The most significant change
occurs in the 0–0.04 region. Calculations were per-
formed using an atomic screening factor of 0.9, with
reduce electron mass and Planck’s constant set to 1,
quantum number 2, and orbital number 1. Molecu-
lar parameters include bond lengths: H2 (0.74 Å),
Cl2 (1.93 Å), HCl (1.27 Å), and dissociation en-
ergies: H2 (5.938 eV), Cl2 (2.514 eV), HCl (4.618
eV).The behavior of the partition function concern-
ing the screening parameter is illustrated in Figure
4. It reveals an exponential decay within the screen-
ing region of 0.005 for H2, Cl2, and HCl. Moreover,
the partition function for hydrogen surpasses that
of HCl and Cl2. The depicted exponential decline

highlights the influence of the screening parame-
ter on partition functions, offering insights into how
this parameter impacts the energetic properties of
diatomic molecules.

Figure 3: Partition function with screening param-
eter.

4.3.2 Entropy

The computations were performed considering an
atomic screening factor of 0.9, with the reduce elec-
tron mass and Planck’s constant normalized to 1.
The principal quantum number was set to 2, while
the orbital quantum number was 1. Molecular pa-
rameters used in the calculations include the equi-
librium bond lengths: H2 at 0.74 Å, Cl2 at 1.93 Å,
and HCl at 1.27 Å. The corresponding dissociation
energies were taken as 5.938 eV/K for H2, 2.514
eV/K for Cl2, and 4.618 eV/K for HCl. These re-
sults indicate that the entropy behavior is strongly
influenced by both the screening parameter and the
intrinsic molecular properties, with the most sig-
nificant changes occurring at low screening values.
The entropy of the system exhibits a strong depen-
dence on the screening parameter. Specifically, the
entropy decreases sharply for screening parameters
below 0.01, shows a moderate decrease in the range
of 0.01 to 0.03, and remains nearly constant for val-
ues above 0.04. Notably, the rate of decrease in
entropy is more pronounced in the 0–0.01 region,
indicating higher sensitivity in this low-screening
regime. Figure 5 displays an exponential decay in
entropy with the screening parameter. Cl2 entropy
surpasses that of H2 and HCl due to screening, at-
tributed to higher density between Cl atoms, al-
lowing electrons greater freedom. The higher elec-
tron density in Cl atoms compared to HCl and H2

contributes to this effect. Similarly, the lower elec-
tron density in H atoms leads to lower entropy for
bounded atoms (HCl and Cl2). The observed en-
tropy trend aligns with Edet et al. (2020) [12], but
in this case, it’s higher due to the presence of screen-
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ing effects between diatomic molecules. This em-
phasizes the role of screening in shaping entropy be-
haviors, providing a deeper understanding of molec-
ular energetics.

4.3.3 Mean free Energy

The mean free energy of the molecules under con-
sideration was evaluated with atomic screening set
at 0.9. For chlorine (Cl2), the mean free energy re-
mains approximately constant at 5400 eV. In com-
parison, hydrogen chloride (HCl) exhibits a mean
free energy of around 2100 eV, while molecular hy-
drogen (H2) shows a lower value of about 1100
eV, as illustrated in Figure 6. The computations
also accounted for the equilibrium bond lengths of
the respective molecules. For HCl, the equilibrium
bond length is 1.27 Å, while H2 has an equilibrium
bond length of 0.74 Å, and Cl2 exhibits a bond
length of 1.93 Å. Furthermore, the dissociation en-
ergies of these molecules were determined. H2 re-
quires 5.938 eV for dissociation, Cl2 requires 2.514
eV, and HCl requires 4.618 eV. These values are
consistent with the molecular stability and bond-
ing characteristics of each species. The mean free
energy of a bounded electron within a given atom
remains constant, as indicated by Figure 6. How-
ever, the mean free energy of Cl2 surpasses that
of HCl and H2, attributed to electron density and
screening influences. Notably, a consistent straight
line depicts uniform screening effects across H2, Cl2,
and HCl. This observation underscores the piv-
otal role that electron density and screening mech-
anisms play in shaping the mean free energy be-
haviors across different molecular species, revealing
insights into their distinct energetic characteristics.

Figure 4: Entropy vs screening parameter.

Figure 5: Mean free energy vs Screening parame-
ters

4.3.4 Specific heat capacity

The absence of a measurable specific heat capac-
ity for electrons, denoted as zero, holds intrigu-
ing implications. This signifies that electrons, as
fundamental particles, differ from macroscopic ob-
jects in their heat capacity behavior. Unlike objects
with discernible heat capacities, electrons exhibit a
unique trait, challenging conventional expectations.
This resonates deeply with the fundamental nature
of particles at the quantum level, where traditional
concepts of heat capacity may not apply in the
same manner. This observation underscores the dis-
tinct behaviors and characteristics that arise when
transitioning from macroscopic to quantum realms,
prompting a reevaluation of heat-related properties
at the quantum level. Edet et al. (2020) [14] stud-
ied and found that specific heat capacity constant
as zero when they study the specific heat capacity
of I2 with ratio of magnetic flux and flux quantum.

5 Conclusion

The energy eigenvalues of H2, Cl2, and HCl were
studied with screening parameters and bond disso-
ciation energy. The results showed that increasing
the screening parameters led to an increase in en-
ergy eigenvalues, indicating that the screening po-
tential has a significant impact on the energy lev-
els of these molecules. Furthermore, when investi-
gating the energy eigenvalues for specific quantum
numbers (n = 0 to n = 2) and angular momentum
quantum numbers (l = 0 to l = 1), it was found that
HCl exhibited the highest energy eigenvalue, fol-
lowed by Cl2 and H2. Partition function decreases
exponentially (0.005 screening range) for H2, Cl2,
HCl. Hydrogen’s exceeds HCl, Cl2. Entropy de-
cays exponentially due to screening; Cl2 has higher
entropy (electron density, screening). Mean free en-
ergy remains steady; Cl2 has higher due to density,



Bibek Panta et al./ BIBECHANA 23 (2025) 57-67 66

screening. Electrons lack measurable heat capac-
ity (zero specific heat capacity) unlike macroscopic
objects. Further research in this area can provide
valuable insights into various physical systems, in-
cluding atoms, molecules, and condensed matter
systems, where these factors play a significant role
in their behavior and properties.
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