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Abstract
In this paper, I have taken product of two summability methods, Euler and Cesaro; and establish a new
theorem on the degree of approximation of the function f belonging to W(L", &(t)) classes by Euler -
Cesaro method.
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1. Definitions and Notations

A function f(x)e Lipa, if
|f(x+t)—f(x)| =O(| t|a) for0< a<1andf € Lip (a, p), if

(T| f(x+1)—f(x)|" dxj

o =

=O(|t|°‘) 0<a<l, pxl.
0

Given a positive increasing function &(t), p > 1,

f(x) € Lip (&), p), if

(zj | f(x+1)—f(x) |pdx]p =0 (&(t)) and fe W (L, &(1)), if

{ j | (F(x + 1) = £(x))sin® x ‘pdxjp =0(&1), (B=0). [1]

It is noted that, W(L”, &(t)) —=2— Lip(&(t), p) —“2=“ Lip(a, p) —2=22— Lipa.
So, Lip a < Lip (0, p)< Lip (§(1), p) = W (L", &(t)) for 0 <a<1and p=1.
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2n o
We define the norm || ||pby £, :{j |f(x)|1’dx}p . p > 1.
0
The degree of approximation E,(f) of function f: R—R is given by
E, (f)=Min|t, —f] .

Where t, is trigonometric polynomial of degree n [2].

Let fbe 27 periodic, integrable over (-n,m) in the sense of Lebesgue and belonging to W (Lp ,€ (t)) class,
then its “Fourier series” is given by

1 - .
f(t):§a0+z (a, cosnt+b_ sinnt) . (1)
n=l1
0 n
Let Zu , be the infinite series whose nth partial sum is given by S, = Zui .
n=0 i=0
The Cesaro means (C, 1) of sequence {S,} is 6, =—— > S,.
n+1i3

If 6, =S, as n - oothen sequence {S,} or the infinite series Zun is said to be summable by
n=0
Cesaro means method (C,1) to S. It is denoted by
o, = S(C,1), as n— o [3].

.l 1 «(n
The Euler means (E, 1) of sequence {S,} is E, = - kz(:) « Sy
If EL — S as, n— owothen sequence {S,} or infinite series Zun is said to be summable by Euler
n=0
means method (E, 1) to S. It is denoted by
E! > S(E1), as n— x [4].

The EL transformation of {c,} is denoted by tEiC , which is (E, 1) (C, 1) transformation of {S,} and

n

1 &(n 1 &(n) 1 &
defined as t5¢ = — o, = e S .
" Z“Z(kJ e Z(k}kﬂz '

k=0 k=0 r=o

o0
If tEl 58 , as n — oothen sequence {S,} or infinite series Zun is said to be summable by (E,
n=0

1) (C, 1) means method to S. It is denoted by

th 5 S(E) (Cl), as n—ow.
We use following notations.

O(t) = £(x + t) + F(x — t) — 2f(x) 2)
| a (njsinz (k+1)%

2™ \k ) (k+1)sin? 4

N Ei G

n

3)



Binod Prasad Dhakal | BIBECHANA 9 (2013) 151-158 : BMHSS, p.153 (Online Publication: Nov., 2012)

2. Main Theorem

In present paper, the degree of approximation of a function feW (Lp,ci(t)) class by (E,1) (C,1) means of
a Fourier series has been determined in the following form:

Theorem: If f: R — R is 27 periodic, Lebesgue integrable function in (-7, ) and is W(Lp ,&(t)), then
the degree of approximation of function f by (E,1)(C,1) means of Fourier series (1) satisfies,

EI!CI 1
tn —f :O((n+l)ﬁ+"§(n+l)) for n =1,2,3,4,..........
p

Provided &(t) satisfy the following conditions;

t
{&i )-} is monotonic decreasing @

I(t|¢()|j sin™ tdt p_o( ! j
o L &(b) n+1

©)

j [ _&'i()t)'] dt :O((n+1)8) ®

where § is an arbitrary number such that q(1-8)-1> 0, condition (5) and (6) hold uniformly in x.
3. Lemmas

We need the following Lemmas for the proof of our theorem.

) t
1 n ‘pn\sin” (k+1)-

Lemma 1: Let NEl Ci(t) = ( j—z,then
2" i \k ) (k+1)sin? £

NEC () =0(n+1), for 0 <t <L
n+1

: 2 t

n ‘p\sin” (k+1)=

Proof: NEI’CI (t)= ! z — 2
2" i \k ) (k+1)sin? &

2

(k+1)?sin® £
(k+1)sin®

S of L O

=
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RPN W]

:2“1% [n2" +2m ]

:(n4+n2J
(n+1)

2n
=0(n+1)

Lemma 2: Let N El i pe given as Lemma [, then

NEI’CI (t):O(;J, for ! <t<m
(n+1)t? n+1

" \smz(kﬂ);\

2““n o(kj(k—kl)‘sinz;‘

12 [1-cos (k+1)t

e g ( )2(k+1)‘sm2 t‘

1 &(n 1
S2““7:2;‘( J(k+l)‘sm ‘
n 1
k=o(kJ(k+1)
R (2““—1]
21’1+1t2 n+1

B T (1_ 1 j
(n+1)t? 2

T
(n+1)t?

1
=0 —— |.
[(n+1)t2]

Following Titchmarsh [5], n partial sum of Fourier series (1) at t = x is given by

Proof: ‘NEI i (t)‘

M

T
2n+1 t2

M=

<

4. Proof of the Theorem

(7

®)
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1™ sin(n+ )t

S, () =f(x) =] ¢ ()——>—dt.
21y sin
(C,1) transform of S, i.e. ¢, is given by

1 & R T B IC N
mkzo (Sk(x)—f(x))—z(n+l)nj S sin(k+4 )t dt

0 Sin- i

T

sm (n+1)
G ()= f(x) =5 ——— j H——
0 2
Similarly, (E,1) transform of on i.e. tEl TS
1

N (k+1)L
2n;(kj(ck<x> ) = 5~ j¢()2US‘“ LI

(k+1) sin

n K+1)t
(919 (x) = £(x) = jq)(t)zn+l Z(Ej(sliri)—;nzztdt

=[ ¢y N (1) dt

0

dt.

t
2

- j BONE (1) dt+ [ pONES () de

=1, +1,, say.

©)
For I;, applying Holder inequality and fact that $(t) € W(Lp , F,(t)) we have
1

O IRME ( ED e j |
I s{! (&(t) sin tj dt} “ N ] d
ot 50 af

1

n+l 1
=0 (é(ﬁ)) {J‘tq(ﬁ”) dt} , by the Mean Value Theorem, where 0 <& <——

n+1

t—q(ﬁ+l)+1 ﬁ é
=0(&Gh ){(—_ q<B+1)+ll }

(&(n+1 ){(n_i_l)(ﬁﬂ)q—l}ﬁ
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=o' ee)
=0+ eit)

For I,, applying Holder’s inequality and taking & as an arbitrary number such that
q (1-9) -1 >0, we have

|12|S{I (wsmﬁt dt} ]' M i

! t?sinf t

([0l [ (Yl
e ERCSEECEN

1

n+l a
O { _[ y At dy} Using condition ( 4)

_ 8er 1 ﬂ n+l | a
O((n+1) i(nﬂ)) 0] (Q(HB—S)—JI }

_ q(1+B-8)-1 q(1+B-5)-1
—o((n+1)°gi) [{q P (n+1) -~ )}
(

1

1 5—7
n+1)"*

=0o(@m+1° &(HH
~of @+1)" a<.m))

=O((n+l) PE(L J
By (9), (10) and (11), we have

tEl Cr_

R XD

1

{j (00" g6t ) }

E..C,

tn,  —f

or

p

|

(10)

(1)



Binod Prasad Dhakal | BIBECHANA 9 (2013) 151-158 : BMHSS, p.157 (Online Publication: Nov., 2012)

=0 ((n+1)ﬁ+é E(-L ) {T dx}:)

=0(<n+l>ﬁ+3 EGh ] (12)

This completes the proof of theorem.

5. Corollaries

Corollary 1: If B=o0 and&(t)= t*, O<a <1 then the degree of approximation of a 27 periodic
function f belonging to class Lip(ot,p)is given by

E]’C]
tn —_ f = O %
» (n+1) °
EI’C] ﬁ+l
Proof: ta —f|| = O((n +1)° g(ﬁ)j
p
=of (n+1)' &6 )
=0 ((n + 1)i —(mll)u j
o[ ——|. (13)
(n+1) °

Corollary 2: If p— oo in corollary 1 then the degree of approximation of a 27 periodic function f
belonging to class Lipa (0 < a <1)is given by

E,.C,

ta —f

=O(;],for0<a<l. (14)
(n+1)*

Remarks: An independent proof of corollary can be developed along the same line as the theorem.
Example: Consider the infinite series,

1-4>(=3)"". (15)
n=l
The (E,1) (C,1) means of the sequence {S,} is given by
Il (n
= — o
n 2n ;(k] k
1
= (1-(=D""). 16
2(n+l)( =1 ) (16)

The infinite series (15) is neither (C,1) nor ( E,1) summable. But from (16), it is summable by (E,1) (C,1)
method. Therefore product summability (E,1) (C,1) is more powerful than the individual methods (C,1)
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and (E,1). Consequently, (E,1) (C,1) means gives the better approximation than individual methods (C,1)
and (E,1).
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