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Abstract
This paper deals with the transformation of KS-Variables and canonically conjugate variables
from sideral (inertial) to synodic (rotating) form and their applications in “the circular restricted
problem of three bodies in three-dimensional coordinate system” to form generating solutions.
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1. Introduction

Kustannheimo and Steifel [1] presented a very convenient regularization method for the
space motion of particles near an attracting centre. This mechanism leads to a transformation,
called KS — transformation. The transformation is of the type

Xk =Xk (), k=1,2,......... n),({j=1,2,3,........ ,n+1)
which increases the number of variables. In this regard Schiefle [2] and Steifel and Schiefle [3]
have considered the so — called generalized canonical transformation increasing the number of
variables.

As in physical space, KS — regularization is the most perfect regularization, so to solve all
the problems easily of three dimensional synodic coordinate system by KS — Variables; it is
necessary to transform the KS — Variables from sidereal to synodic form. In this paper, we
attempted to present the KS — Variables in synodic form and their simple application to the
motion of an infinitesimal mass in the restricted problem of the three bodies in three dimensional
synodic coordinate system have been shown.

In earlier sections we just presented some important tools of KS — Transformations in
terms of orbital elements i, Q, @, 0, t etc. in synodic coordinate system. Some related and

conjugate variables are also presented here in these sections. In later section, the synodic KS —
Variables are used to solve the equations of motion of infinitesimal mass in the circular restricted
three — body problem in three dimensional synodic coordinate system in the form of generating
solutions.
The symbols used are as follows:

i = inclination of the orbital plane with the plane of motion of the central body,

Q2 = longitude of the ascending node,

@ = argument of perihelion,

¢ = true anomaly,

e = eccentric anomaly,
t = physical time,
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s = psedo time,

i,/=i,a=¢+w
dt ds

n = mean angular motion , . =
2. Derivation of synodic KS — Variables

In 1965 Kustaanheimo and Steifel [1] defined an orthogonal matrix L (u), called KS — matrix,
where

u, —u, —u; u,
u, u, —u, —u
L(u) = (D
u, u, u u
U, —Uy U, —U

L"(w)L (u)=Lu) L () = (u,u) L
Here LT(u) is the transpose of L(u), [ is the 4 x 4 unit matrix and u = (uy, U, us, Uy).
If x = (x4, X», X3) are three dimensional coordinates of a point, KS — transformation in sidereal
frame is given by the single matrix equation:

x =L(u) (w) (2)
Explicitly, X1 = u12 - u22 - u32 + u42
X2 = 2 (upup; —uzuy) 3)
X3 = 2 (ujuz —upu3)

In sidereal frame, the compact parametric representation of KS — Variables in terms of orbital
elements i, , o in any plane curve having its orbital plane in general position, is given by [3]

as :
e Q-o0) e iy (Q-0)
u = s1n(2)cos[—2 ] u, —s1n(2)s1n[—2 ] 4
— cos(ginf 2+ 9) = —cos(L)cos £ 19
u3—cos(2)sm[ 5 ] u, COS(Z)COS[ > ]

The sidereal parameters u; (j = 1, 2, 3, 4) of the particle itself are obtained by multiplying the
square root of its distance ‘r’ from the central body.
Therefore,

u = \/_rsm(;)cos[(Q O-)] u, = \/_r sin(— )sm[(Q 0)] (5)
u3—\/_rcos(l)sm[(Q+O-)] \/_rcos( )cos[(Q+0)]
Wherer-(xl + Xy +x3) =u’+u +u32+u4 =(u, u) (6)

It may be noted thati & € are fixed orbital elements whereas O is only the variable orbital
element.

In terms of orbital elements i, £ & 0 t he sidereal physical coordinates x;* of a point are given
by

X, = sin’ (é) cos(Q — o) +cos’ (é) cos(Q +0)

X, = sin’ (é) sin(Q — o) + cos’ (é) sin(Q + o) @)

X3 =sini. sino
If x; x, plane rotates about x3 — axis with mean angular motion n, then at any time t, the synodic
coordinates (y, y», y3) of the point, are given by

Y1 = X|COS nt + X, sin nt, y, = - X; sin nt + X, cos nt, y3 = X3 ¢))]
Introduction of Egs. (7) in (8) yields
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y; = sin® (é) cos(Q— o —nt) +cos’ (é) cos(QQ+ o —nt)

y, = sin’ (é) sin(Q— o —nt) +cos’ (é) sin(Q + o —nt) 9)

y3 =sini.sino
If 9 = (q1, 92, g3, qu) are the synodic KS — Variables corresponding to physical synodic coordinates
y = (Y1, Y2, ¥3), then

Y=L(@q (10)
Explicitly:
Yi=q’-q’—q + g, Y2=2(q192 = q39a) » Y3 =2(quq3 + q2q4) (11)
From Egs. (9) & (11) the parametric representation of a point in synodic KS — Variables are given
. (Q—0—nt) . 1. (Q—0o—nt)
= sin(—)cos[————] = sin(—)sin[———] (12)
qi 2) > q2 > >
. (Q+0—nt ] Q+o0-nt
Qs = COS(é)sm[M] Q4= —COS(é)COS[%]

Which satisfy all the Eqs.(9) & (11) & properties of KS — Transformations.
The synodic parameters q; (j = 1, 2, 3, 4) of the particle itself can be obtained by multiplying by
the square root of its distance ‘r’ from the central body.

ie.q = \/_r sin(é) cos[(QLz_m)] Q= \/_r sin(é) sin[(QLZ_m)] (13)
Qs = \/_r cos(é) sin[(QLz_m)] Qs = \/_r cos(é)cos[(QLZ_m)]
where r = (y12 + y22 + y32)1/2 = q12 + qu,2 + CI32 + X42 =(q,q) (14)

From symbolic representations, we have ¢ = w+ ¢ where @ is the constant orbital element. i.e.
o=¢
3. Derivation of the generalized momenta corresponding to synodic KS — Variables

The set of synodic KS — Variables given in Eq.(13) acquire great importance, while
studying the motion of an infinitesimal mass in synodic frame of reference. Moreover, in
Hamiltonian dynamics, the generalized momenta corresponding to the generalized coordinates are
also of great importance, so here we need to establish the generalized momenta corresponding to
the synodic KS — Variables in terms of orbital elements i, Q, O etc.

If X = (X, X5, X3) are the momenta corresponding to sidereal physical coordinates x =
(X1, X2, x3) and P = (P, P,, P5;, Py) are the generalized momenta corresponding to sidereal
parametric coordinates u = (u; u, u; ug), then momenta transformation is given by the single
matrix equation:

x = (1/2r) L(u) P ~ (15)
Explicitly X, = (Pu, -Pu, -Pyuy +Puy,)
2r
o PutRuPu R a®
2r
X3 = (Pu; +Pou, +Pu, +Pu,)
2r _
and T (p, w) = Pjuy — Pouz + Psuy - Pyu; =0 (17)

The bilinear relation (16) plays an important key role in the above representations. The inverse
transformation of (15) is given as :
P=2H ) X (18)
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Explicitly from Egs. (3) and (15)
P, =2(Xu; + Xou; + X3u3) P, =2(-Xjup + Xou; + Xsuy) (19)
P;= 2(-X1U3 + Xouy + X3u1) P,= 2(Xﬂ.l4 - Xouz + X3u2)
Suppose that Y = (Y, Y,, Y3) are the momenta is synodic system corresponding to y = (yy, y2, ¥3),
then from the definition of momenta

= yl_nyzaY2= y2+ny1 +nyj, Y3= );3 (20)
From Eqgs. (7) and (20) we get

Y, = O [sm( )sm(Q o—nt)— cos( )sm(Q+0' nt)
Y,= o. [sinz(z) cos(Q—o—nt) +cosz(5) cos(Q+o —nt) (21)

Y; = (fsinicos o
If Q = (Q, Qy, Qs, Qq) are the generalized momenta in synodic system corresponding to q = (qy,
2, 43, G4), then with the help of Eq.(18), the value of Q;* may be represented as :

Q=2H(Q Y 22)
Therefore, Q; = 2(Yq; + Y2qs + Y3q3)
=2g r sin(é) sin[w] =2aq (23)

Therefore, Q, = 20"12, Q= '2O'Q1, Qs = 'ZdQ4, Qs=26¢q;

The set of variables Q; and q;" satisfy the bilinear relation

T(Q, @) = Qiqs — Qg3 + Q3q2 — Quq1 = 0 (24)
Thus in both the systems T (P, u) and T (Q, q) are 1nvar1ant
Also IQF = (Q, Q) = ZQ = 4r0‘ (25)

4. The equations of motion

The regularized canonical equations of motion of the infinitesimal mass in synodic
coordinate system given by Kurcheeva [4] are :

dg . do. _—
9 0K O _—0K 1534 26)
ds 0Q; ds  dq,

where the Hamiltonian K (regularized at r = 0 only) is given by :

4
K=" Zsz + 2,02(qu2 _qul + Q3Q4 _Q4Q3 + C())_4
j=1

1 1
B T B O T e G2 27
h
With r=q’+q +q+q = p° (28)
= the distance of the infinitesimal mass from the first primary,
r’=1+2q’- g’ -5’ +q.) + p* (29)

= the square of the distance of the infinitesimal mass from the second
pimary.

c= Zci ,ui , the jacobi’s constant, (30)

i=0
the physical time ‘t” and the pseudo time ‘s’ are connected by the differential equation

(%) =4r=4p° 31)
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5. Generating solutions

For generating solutions, taking 4 =0, the reduced Hamiltonian,

4
K0=1/2 ZQ21+2/)2(Q1‘]2_Q2‘11+Q3‘]4—Q4(]3+C0)—4 (32)
j=1
The Hamilton canonical equation of motion due to K are :

dq; oK, dQ; OK,

ds 90, " ds  dq ;

Thus the equations of motion of an infinitesimal mass in terms of synodic KS — Variables can
easily by derived from (30), (32) & (33) as :

(j=123,4) (33)

Q4P +q1” 402" +4(q194-4293)93 -4(q193+9294)q4 =41 (3 p* -co) (34)
QP +q17 +27)q1 +4(Qig3+2q4)d5 + 4(q194-92q3)d4 =4q2(3 p* -co) 35)
45"™4(4194-0293)d1 ~4(Qi93+q2qa) 2" - 4( 7 +45” +q47)qs” =453 p* -co) (36)
94 +4(Q195+ 020001 -4(q194-0295)0:” +4( 07 +q5” +q.7)q5" =4q4(3 p* o) G37)

By multiplying Eqgs. (34) to (37) respectively by q:", q2", q3", 94~ and integrating their sum, one
has

4
D q; =4p° —4c,p* +8+h (38)
j=1
Here, h is taken as the constant of integration.
Again multiplying (34) to (37) respectively by q», q1, q4 & q; and subtracting the sum of the
second and fourth from the sum of the first and third and integrating we get

Q'@ —qi1q2" +95'qs—qsqa’ =2,04+b (39)
Here b is the constant of integration to be determined by the initial conditions.
It is well known that in the restricted three — body problem, mean angular motion is taken
to be unity i.e. n = 1 (as the total mass of the primaries is 1 and separation = 1 = n = 1) and thus
the synodic KS — Variables q;* given in (13) will be of the form :

. (Q-0-1) 1., (Q-0-1)
= psin(—)cos[——— = psin(—)sin[—————= 40
qQ=p (2) [ 5 1 Q@=p (2) [ 5 ] (40)
i. . (Q+0-1) ] Q+o0-1)
= pcos(—)sin[————= = — pcos(—)cos[——=
qs = pcos( 2) [ 5 ] qs = — pcos( 2) [ 5 ]
From Eqs. (27) and (40) one can easily find that
4
> q,%=p" + p*(c +16p* ~8p°C cosi) (41)
j=1
1 ~ .
And q;'qx— qiqp” +q3'qs — Gsqa’ =2 0" — (E)pZO' cosi (42)
The combinations Eqgs.(38, 41) and (39, 42) yield
P+ (i)pz(o’z +16p* —8p°c cosi) =4p° —dc,p> +8+h (43)
And - (%)pzo’ cosi=b (44)

Following [4] and [5] at s =0, o =0 and which gives b = 0, consequently o =0 i.e. 0 = constant

= 0, (say) and the second degree differential equation reduces to
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P2 =8+ h—dc,p? 45)
T
Ath =0, the generating solutions with generalized period s* = k 5, ke N of the system of Egs.

(34) to (37) are given by [6, 7] as :

a= psineost 2 o= psincDsint =20y
2 2 2
and
2 2 2 2
i (R0, —1) R ) (Q+o,-1)
Q= P cos)sinl = 0=2] Q= = p cos()cos ]
where p = —2\/_ 2 sin(2\/_ CoS —S,y) (48)
From (32)
t= (l \/_CO)[4\/_COS + sin(4\/_c0s —25.)]+s, (49)
Co
where s, is the constant of integration.
Let us introduce two variables 6 and ¢, where
Q-o0,-t Q+o,-t
O=(——_"—) & ¢=(—_"—) (50)
2 2
Introduction of (31) yield 8 = (p' = —2,02 (51)
qQ=p sin(é) cosd Q=p sin(é) sin @ (52)
i i
QB=p COS(E) cos@ Qa=—p COS(E) cosp
and
Q=p sin(é) cos @ Q=p sin(é) sin 8 (53)
Q= ,0' COS(é) cos@ Q= —,0' Cos(é) cosp
Now from Eq.(45)
pl=8+h—dc,p’ (54)

Integrating Eq.(54) with respect to s we get
P
‘o Id—/’
04/8+ h—4c0,02
. N __/(84—h) : - _
with the substitution p = 4c, sin & one can easily find a = 2\/(,’_0 s
_ |8+h) .
& p= 4, sin 2\/35‘ (55)

Using Egs. (58) in (35) and (55) one has
(8+h)

t=
8c,+/co [4afc, s —sin(4:/c, s—25,)]

(56)
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t t
0= (o _E)’ o= (@, _E) (57

where @, and @, are the constants of integration.
Thus the solutions of the problem in question at g =(0depend upon three arbitrary constants h,
@, and @,.

6. Discussion

A system of differential equations may have infinitely many generating solutions so there
are many possibilities of generating solutions of the differential Eqs. (26). Here in our case (50)
represents one set of generating solution for the satellite motion.
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