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Abstract
The purpose of this paper is to study W,and W, -curvature tensors on N(k)-contact metric
manifolds. We prove that a N (k) -contact metric manifold satisfying the condition W, (&, X)W, =0
is 77-Einstein manifold. We also obtain the Ricci tensor S of type (0, 2) for ¢@—W, flat and
divW, =0 conditions on N(k)-contact metric manifolds. Finally, we give an example of 3-

dimensional N (k)-contact metric manifold.
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1. Introduction

In 1988, Tanno [1] introduced the notion of & -nullity distribution of a contact metric manifold as a
distribution such that the characteristic vector field or Reeb vector field (Reeb 1952) [2] & of the

contact metric manifold belongs to the distribution. A contact metric manifold with & belonging to
the k -nullity distribution is called N(k)-contact metric manifold. Generalizing this notion Blair,
Koufogiorgos and Popantoniou [3] introduced the notion of a contact metric manifold with &
belonging to the (k, ) -nullity distribution, where kK and g are real constants. In particular, if
1 =0, then the notion of (k, t£) -nullity distribution reduces to the notion of & -nullity distribution.

On the other hand, in 1982, Pokhariyal [4] defined W, W, and W, -curvature tensors with the help of

the Weyl's projective curvature tensor defined by Eisenhart [5]. In [4] it is studied that distribution of
vector field over the metric potentials and matter tensors plays an important role in shaping the

various physical and geometrical properties of a tensor. In the same paper it is proved that W, -
curvature tensor satisfies the cyclic property.
In this paper, we study some curvature conditions of W, and W, -curvature tensors in N (k)-contact

metric manifolds and obtain some results.
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2. Preliminaries

A (2n+1) -dimensional smooth manifold M is said to be a contact manifold, if it carries a global 1-
form 7 such that 7 A(dn)" #0 everywhere. Given a contact form 77, it is well known that there
exists a unique vector field &, called the characteristic vector field or Reeb vector field (Reeb 1952)
[2] of 77, satisfying
n(¢)=1dn(,X)=0 2.1

for all vector fields X. A Riemannian metric g is said to be an associated metric if there exists a
tensor field @ of type (1, 1) such that

dn(X,Y)=g(X,pY), n(X)=g(X,&), ¢'(X)=-X+n(X)$ (22)
for all vector fields X,Y on M >,

From above conditions one can easily obtain

pS=0, nop=0, g(pX,pY)=g(X,Y)-n(X)n(). (2.3)

The structure (¢,&,7,g) is called a contact metric structure and a manifold M ™" with a contact
metric structure (¢,<&,77,¢g) is said to be a contact metric manifold [6].
Now, we define the operators / and /& by

X = ROOE b= £ (2.4)

where R and £ denote the curvature tensor and Lie differentiation respectively. The (1, 1)-type
tensors /2 and [ are symmetric and satisfy

hé=0, 1E=0, Trh=0, Trhho=0 and hp =—g@h. (2.5)
We also have the following relations for a contact metric manifold:
V. E=—-pX —phX (2.6)
V.p=0 (2.7)
Trl=g(Q&E)=2n-Tr.n’ (2.8)
Plo—1=2(p" +h") (2.9)
V.h=p—¢l-oh’ (2.10)

where Q is the Ricci operator defined by g(QX,Y)=S(X,Y), V is the Levi-Civita connection of
the Riemannian metric g and S the Ricci tensor [6,7].

An almost contact metric manifold is an odd dimensional smooth manifold M ™" equipped with an
almost contact metric structure (¢,<&,7,g) satisfying the conditions (2.1) - (2.3) except the condition

dn(X,Y)=g(X,pY) or dn(é,X)=0. Sasaki and Hatakeyama [8] defined an almost complex
structure J on M*™ xR by

J(X,f%)=((0X—f§,ﬂ(X)%) (2.11)

where f is a smooth real valued function on M *"" x R. An almost contact metric structure is said to

be normal if J is integrable. An almost contact metric manifold is Sasakian if and only if

(Vo)) = g(X, )& -n(N)X. (2.12)
A contact metric manifold is Sasakian if and only if
R(X,Y)¢ =n(¥)X —n(X)Y (2.13)

for all vector fields X and Y [6].
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A contact metric manifold for which & is a Killing vector is called a K -contact manifold. It is well

known that a contact manifold is K -contact if and only if & = 0. We note that a Sasakian manifold is
K -contact, but the converse holds only if dim M = 3.
The k -nullity distribution [1] of a Riemannian manifold (M,g) for a real number k is a
distribution

N(k):p > N, (k)={ZeT (M):R(X,Y)Z=k[g(Y,Z)X —g(X,2)Y]} (2.14)
forany X,Y €T (M). If the characteristic vector field & € N(k), then the relation

R(X,Y)S =k[n(Y)X —n(X)Y] (2.15)

hods. A contact metric manifold satisfying the relation (2.15) is called a N(k)-contact metric
manifold. From (2.13) and (2.15) it follows that a N (k)-contact metric manifold is a Sasakian
manifold if and only if k=1. If k=0 ie, R(X,Y)E=0,then N(k)-contact metric manifold is
locally isometric to the Riemannian product £ (0)x S"(4) for n>1and flat for n=1. If k <1, the
scalar curvature is » = 2n{2(n—1)+k}.
Ina (2n+1)-dimensional N (k)-contact metric manifold M, the following relations hold:

h=(k-1g*, k<1 (2.16)

O& =2nké, S(X,E) = 2nkn(X) (2.17)
R(E,X)Y = k[g(X,Y)E-n(Y)X] (2.18)
(V,0)¥) = g(X +hX,Y)E=n(Y)(X +hX) (2.19)
Tr.h* =2n(1-k) (2.20)
Qp—9p0=4(n-Dhe (2.21)
S(pX,pY)=S(X,Y)-2nkn(X)n(Y)—4(n-1)g(hX,Y) (2.22)
S(pX,Y)+S(X,pY)=4(n—-1)g(pX,hY) (2.23)
n(R(X,Y)Z)=k[g(Y,Z)n(X)—g(X.,Z)n(Y)] (2.24)
(V.nXY)=g(X +hX,pY) (2.25)

for any vector fields X,Y on M > [1,3].
In n -dimensional space ¥, Pokhariyal [4] defined the W, and W, curvature tensors as follows
W(X.,Y,Z,T)= R(X,Y,Z,T)+Ll[g(Y,Z)Ric(X,T)—g(X,T)Ric(Y,Z)]
and "
W(X,Y,Z,T)= R(X,Y,Z,T)+ﬁ[g(Z,T)Ric(X,Y)—g(Y,Z)Ric(X,T)]

respectively.
In (2n +1) -dimensional N (k)-contact metric manifold above two tensors can be written as

V(X2 =RUCYIZ 4 {g(F,2)0X = S(Y.2)X] (226)
n
and
W,(X,Y)Z = R(X.Y)Z + %[S(X, Y)Z - g(¥,2)0X] 2.27)
n

respectively, where g(R(X,Y)Z,T)=R(X,Y,Z,T) for any vector fields X,Y,Z,T on M.
Now, using (2.17) and (2.18) in (2.26) and (2.27) we obtain

W,(E, X)Y = K2g(X.Y)E —n(Y)X] —iS(X,Y)g’ (2.28)
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and
W,(&, X)Y =k[n(X)Y —n(¥)X] (2.29)
respectively.
From (2.27) we also have
nw,(X,Y)2)= ;—nS(X’ n(Z)—kg(X,Z)n(Y) (2.30)
n(w,(&,X)Y)=0 (2.31)
n(W,(X,&)Y)=k[n(X)m(¥)-g(X,Y)] (2.32)
10V, (X.)E) =S QL) =k (On(). (2.33)

Definition 2.1. A N (k) -contact metric manifold is said to be 7 -Einstein if its Ricci tensor S of type
(0, 2) is of the form

S(X,Y) = pug(X,Y)+ un(X)n(x) (2.34)
where (1, 1, are smooth functions on the manifold.
Definition 2.2. A N (k) -contact metric manifold is said to be ¢ -, flat if the condition

g, (pX.pY)pZ o) =0
holds for any vector fields X,Y,Z,W €T (M).

3. Results and Discussion

In this section we obtain some results on W, and W, curvature tensors in N (k)-contact metric

manifolds.
Theorem 3.1. Let M be a (2n+1)-dimensional N (k)-contact metric manifold satisfying the

curvature condition W, (&, X).W, =0, then either M is locally isometric to the Riemannian product
E™(0)xS"(4) for n>1 or M is 1 -Einstein manifold.

Proof. Let us consider a (2n + 1) -dimensional N (k) -contact metric manifold M which satisfies the
curvature condition
(. X)W, XU.V)Z=0
for any vector fields X,U,V,Z on M*"'. By definition we have
(W& X)W XU V)Z =W (& XW,(UVNZ~W,(W.(5,X)U.V)Z
~W (U W& X)W )Z=W,(UVW,(X)Z
or, 0=W,(&XW,(UV)Z-W,W,(&X)U.V)Z

WU W&, X)W VZ =W, (U VYW, (£, X)Z. G-D
In view of (2.28) and (3.1) we get
0= 2Ug (X, (U,1)Z)E = k(.U 1VZ)X == S(XLIU.)Z);
n
- 2kg(X,U)W9(§, VZ + k?](U)WQ(X, VZ + %S(X,U)Wo(ﬁ, Vz
n (3.2)

—2kg (X, VIW,(U,S)Z +kn(V)W,(U, X)Z +2LS(X,V)W9(U35)Z
n

—2kg(X,Z)W9(U,V)§+k?](Z)WQ(U,V)X+2LS(X,Z)W9(U,V)§.
n

Taking inner product on both sides of (3.2) by & and using (2.1) and (2.2) we obtain
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0= 2Ug (XU )Z)- k0¥, Z W ()= S(X W, (U.1)2)
n
(

=g (XU (EINZ )+ UV, (X.1)Z)+ - SCLU,6,1)Z) .
—2kg(X’V)f7(Wg(U,f)Z)+kn(V)n(W)(U,X)Z%%S(X’V)77(W9(U’§)Z)
—2kg(X,Z)77(VK(U,V)§)+kn(Z)n(VK(U,V)X)+%S(X,Z)U(VK(U,V)§)-

By the use of (2.30) - (2.33), (3.3) reduces to
0= 24g (X.W.(UV)Z) =5 SXIU.)2)
n

+ES(XaV){U(U)U(Z)—lg(UaZ)} +kg (X, Z)knU)n(V)
n 2 (3.4)

—%S(U,V)}+2k2g(X,V){g(U,Z)—77(U)77(Z)}+k{S(X,U)

S(X,Z)S(U,V)—%S(X,Z)U(U)U(V).

k(XU (Z) + 412
n

Putting U =& in (3.4) and using (2.1), (2.2), (2.17) and (2.29) we get
1
0= k[kg(X,Z)U(V)—2kg(X’V)77(Z)—ZS(X’Z)U(V)
(3.5
1
+—SEPIn(Z)+ @n=Dkn(V)n(X)n(Z)]

From (3.5) it follows that either kK =0 or

[kg(X,Zm(V)—2kg<X,V)n(Z>—;—nsur,zmw)

+%S(X, Von(Z)+@n—=Dkn(V)n(X)n(Z£)]=0.

If k=0, then we know that N (k)-contact metric manifold is locally isometric to the Riemannian
product E"'(0)xS"(4) for n>1 [9].
If

(ke (X, 2 (V) = 2kg (X, V)n(Z) - %S(Xa Zn)

+%S(X,V)77(Z)+(2n—l)kn(V)n(X)n(Z)] ~ 0,

then replacing Z by & we get
S(X,V)=2nkg(X,V)—n2n-Dkn(X)n(). (3.6)
From (3.6) we obtain
S(X,V)=Ag(X, )+ An(X)nlV). (3.7
where A =2nk and A, =-n(2n-1)k.
In view of (2.34) and (3.7) we conclude that N(k)-contact metric manifold M ™" is 7 -Einstein
manifold. This completes the proof of the theorem.
Theorem 3.2. In a ¢ - W, flat N (k) -contact metric manifold M * the Ricci tensor S and the scalar

curvature 7 are given by

SY,Z)=(r—-4n'k)g(Y,Z)+ 2n2n+ D)k —rin(Y)n(Z)+4(n-1)g(hY,Z)
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and r = 2n(2n + 1)k respectively.

Proof. Let us consider a (2n+1)-dimensional N (k)-contact metric manifold M which is ¢ -W,
flat. Then we have

g(W,(pX ,@Y)Z oW )=0 (3.8)
for any vector fields X,Y,Z,W €T (M).

In view of (2.27) we have
I
WX pV)0Z. W )= g(R(pX oY)W )+ —[S(@X .2 (0Z W) (3 g,

= S(pX, oW )g(pY,pZ)].
Using (2.3), (2.14), (2.22) and (3.8) in (3.9) we obtain
0=rkg(pY,pZ)g(pX,pW)—kg(pX,pZ)g(pY, W)

+ i[{S(X, Y)=2nkn(X)n(Y)—-4(n-D)ghX, )} {gW,Z)=n(W)n(Z)};

—S(XL W) =2nkn(X)nW) —4(n =Dg(hX ,W)i{g(Y,Z) -n(Y)n(Z)}]
or, 0=4kg(Y,2)g(X,W)—kg(X,W)n(¥)n(Z)—ke(X,Z)g(Y,W)
+kg(Y,W)n(X)n(Z) + kg (X, Z)n(X)n(W) +LS(X,Y)g(W,Z)
2(n=1)
n

—kgW, 2n(X)n(¥) ————g(W,2)g(hX,Y)

(3.10)
—2—S<X D )(Z) + (n 202D o Yy n(2)

_Z_S(X WIW)gY,Z)+ 2n - )g(Y Z)g(hX, W)
n

—— g (X, W)X )n(2).

Let {e},i=1,2,...,2n+1be an orthonormal basis of the tangent space at any point of the manifold.

bSO (2)- 2D
n n

Putting X =W = e in (3.10) and taking summation over i,1<i<2n+1, we get
SY,Z2)=(r-4n’k)g(Y,Z)+2n2n+ D)k —-rin(Ym(Z)+4(n-1)g(hY,Z) (3.11)
by the use of (2.5) and symmetry property of /.

Again, taking an orthonormal frame field at any point of the manifold and contracting over Y and Z
in (3.11) we obtain

r=2n2n+1)k. (3.12)
In view of (3.11) and (3.12), the theorem is proved.
Theorem 3.3. If a (2n+1) -dimensional N (k)-contact metric manifold M satisfies the condition

divW, = 0, then the Ricci tensor S is of the form

2n(2n—-1)k

S(Y,Z)=2nkg(Y,Z)+ g(Y,hZ)+S(hZ,Y).

Proof. Let us consider a (27 + 1) -dimensional N (k) -contact metric manifold M which satisfies the
condition

(diviW ) )(X,Y)Z =0 (3.13)
where 'div' denotes the divergence.
Taking inner product on both sides of (2.27) with V' we get
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gW.(x,Y)Z,V)=g(R(X,Y)Z,V )+ 2L[S(X, Ng(ZV)-S(X,V)g(Y,Z)]. (3.14)
n

Differentiating (3.14) covariantly along U we have
(V)XY Z.V)
~ 1 (3.15)
=(V,.RY(X,Y,Z,V)+ E[(VUS)(X, NgZ,V)=(V,S)X,V)g(Y,Z)]

where g(R(X,Y)Z,V) = E(X,Y,Z,V) forall X,Y,Z,V.
Let {e},i=1,2,...,2n+1 be an orthonormal basis of the tangent space at any point of the manifold.
Putting U =V =€ in (3.15) and taking summation over 7,1 <i <2n+1, we get

dr(X)
2

(divW,)(X,Y)Z = (divR)(X,Y)Z + zi [(V,S)(X,Y)— (Y, 2)]. (3.16)
n

From Bianchi second identity we also know that
(divR)(X,Y)Z =(V .S)Y,Z)-(V,S)X,Z). 3.17)
In view of (3.13), (3.16) and (3.17) we have

0= (VXS)(Y,Z)—(VYS)(X,Z)+2L(VZS)(X,Y) —%g(Y,Z)dr(X). (3.18)
n n
Replacing X by & in (3.18) we obtain
(V.S 2)~(V SN 2) 4 (V.S)HET) =0 (.19)

since dr(&)=0.
From £:5 =0 we get
(V.HY,2)=-8(V,8,Z2)-S5(V,&.Y)
=4(n-1)g(@Y,hZ)+S(phY,Z)+ S(phZ,Y)
by the use of (2.6) and (2.23).
Again,
vV, 85)¢&,2)=V,85¢,2)-S(V,¢E,2)-S(8,V,Z)
=2nk(V 7 XZ)+S(pY,Z)+S(phY,Z)
=2nkg(Y,pZ)+2nkg(hY ,pZ)+ S(@pY,Z)+ S(phY,Z).
by the use of (2.6), (2.17) and (2.25).
Similarly, (V,S)(&,Y) =2nkg(Z,9Y)+2nkg(hZ,pY)+S(@Z,Y)+S(phZ,Y).
Using above relations in (3.19) we get

O={4(n—1)+k}g((pY,hZ)+@S((phZ,Y)—2nkg(Y,¢)Z)
n

(3.20)
—2nkg(hY,(pZ)—S(goY,Z)+kg(Z,(pY)+2LS(goZ,Y).
n

Replacing Z by @Z in (3.20) and using (2.2), (2.3), (2.5), (2.17), (2.22) and symmetry property of
h we obtain

0= {4(n—1)+k}g(coY,hcoZ)+@S(¢h¢z,n—znkg(n 0'Z)
n

kg (hY 0" Z) — S(p¥,9Z)+ kg (@Y, ¢Z>+2is<<ozz,Y)
n

2n(2n—-1k

or, S(Y,Z) = 2nkg (Y, Z) + g(Y,hZ)+S(hZ,Y). (3.21)
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This completes the proof of the theorem.
4. Example of 3-dimensional N (k)-contact metric manifold

Consider a 3-dimensional manifold M ={(x,y,z)e R’ :x # 0} where (x,y,z) are the standard
coordinates in R’. Let {e ,e,,e,} be linearly independent global frame on M defined by
20 0 4z 0 0 0

=——,e,=2————+xy— and e, =—.
X Oy ox x Oy oz 0z

Let g be the Riemannian metric defined by
g(el’e3) = g(ez’eg) = g(el’ez) = O’
g(el’el) = g(ez’ez) = g(es’es) = 1
Let 77 be the 1-form defined by (V') = g(V,e,) forany V € y(M), the set of vector fields. Let ¢

€

be the (1, 1) tensor field defined by @e, =e,,pe, = —e ,pe, = 0. Then using the linearity of ¢ and
g we have

n(e)=1, ¢V ==V +nl)e, and g(pU,pV)=gU.V)-nU)nV)
for any U,V € y(M). Moreover, he, =—e,, he, =e,, he,=0. Thus for e, =¢&, the structure

(p,&,m,g) defines a contact metric structure on M.
Now, from definition of Lie bracket we have

20 0 4z 0 0 0 4z 0 0|20
le,e,]=——|2————+xy— || 2————+xy— || ——=—
xoy\ Ox x Oy 0z ox x Oy 0z \ x oy

Similarly, we obtain [e,e,] =0 and [e,,e, ] =2e,.

1

Now, we have Koszul's formula
28(V,Y.2)= Xg(Y,2)+Ye(Z, X))~ Zg(X,Y) - g(X.[¥,Z])
-g(V.[Xx,Z])+g(Z.[x.Y])

Taking e, = & and using Koszul formula we obtain
2g(quz, 1)= ig(el,el), 2g(quz,ez)= 0= ig(el,ez) and 2g(quz, 3)= 0= ig(el,es).
X X X

2 2
From above it follows that g(quz,X)z —g(e,X). Hence V e, =—e,.
x x
Similarly we obtain other results and finally we have
V.e= —gez, V.e, =gel, Ve =-2e,V e =2e,
X X
Ve=V.e=V.e=V.e=V.e=0.

From above one can easily seen that the conditions for N(k)-contact metric manifold are satisfied for

e, =¢&and kz—i,x;tO.
x
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5. Conclusion

In this paper we have studied W, and W, curvature tensors on N (k)-contact metric manifolds. It is

proved that a (2n+1)-dimensional N(k)-contact metric manifold satisfying the condition
W (&, X)W, =0 is either locally isometric to the Riemannian product E""(0)xS"(4) oris 77-
Einstein. It is also investigated that a N(k)-contact metric manifold satisfying the conditions @ —W,

flat and divW, =0 has the Ricci tensor S of different forms.
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