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Abstract

In this paper we give interesting generalizations of some well-known Enestrom-K akeya type results on
the location of zeros of a complex polynomia under less restrictive conditions on the coefficients of the
polynomial.

ORCOST: All rights reserved.

K eywor ds: Bound; Coefficient; Polynomial; Zeros.

1. Introduction
Regarding the zeros of a polynomia with real and positive coefficients, we have the following result
known as the Enestrom-K akeya Theorem [1, 2, 3].

n .
Theorem A: Let P(2) = Zajz' be apolynomial of degree n such that
j=0
a, 24, ;2.2 2a,>0.
Then all the zeros of P(2)liein |4 <1.

Various extensions and generalizations of this result are available in the literature. Joyal et a [4] proved
the following generalization of Theorem A:

Theorem B: Let P(2) =) a;z’ beapolynomial of degree n such that

=0

a, >a,>...>a>a,.
Then P(2z) hasal its zerosin the disk
+
4 223 2]
|a |

As ageneraization of Theorems A and B, Aziz and Zargar [5] proved the following:
Theorem C: Let P(z) =) a,z’ beapolynomial of degree n such that for some k > 1

i=0

ka,>a,,>...2a >a,.
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Then P(z) hasall its zerosin the disk

ka, —a, +[ay|

o
Shah et a [6] extended Theorem B to polynomials with complex coefficients and proved the following
result:

z+k-1<

Theorem D: Let P(Z):Zn:ajzj be a complex polynomial of degree n with Re(a;)=a; and
j=0
Im(a;) =b; for j =0.12,......,n, such that for some k>1
ka,>a,,>...>2a,>a,
b,>b, ,>...>b,>b,>0."
Then P(z) hasal its zerosin the disk
ka,-a,+[,|+b,

)

Liman et al [7] proved the following generalization of Theorem D:

2+ 20 (k-1

n

<

Theorem E: Let P(2)=) a;z’ be a complex polynomial of degree n with Re(a;)=a,; and
j=0
Im(a;) =b; for j=012,.....,n,a, #0.If for somepositiveinteger | <n and k>1
k"'*"a, >k"a,,>k"""a, ,>...>k%, , >ka, >a, ,>...>a, >a,,
b,2b, ,>..2b, 2b, >0,

then all the zerosof P(z)liein
a,-a, +|ao|+(k—1)[Z(aj +‘aj‘)—|an|]+bn
245 (k-1 -

n |a”|
In the same paper they proved the following result also.

<

Theorem F: Let P(Z)=Zn:ajzj be a complex polynomial of degree n with Re(a;)=a,; and
j=0
Im(aj): bj for j=012,....,n,a, # 0. If for somepositiveinteger | <n, k>1
and m>1,
k"' *"a_ >k"'a ,>k"Ma ,>...>k%, >ka, 2a,, >....>a,>a,,
mb,>b, ,>.... >b, >b, >0,
then all the zerosof P(z)liein

@, +ifth, J‘ an—ao+|ao|+(k—1)(;(aj+‘aj‘)—|an|j+n‘on
Z+ -1<

a 2|
Recently Gulshan Singh [8] proved the following generalization of Theorems E and F:

n



M. H. Gulzar and A. W. Manzoor/ BIBECHANA 13 (2016) 1-8 : RCOST p.3 (Online Publication: Dec., 2015)

n .

Theorem G: Let P(z):Z:ajzJ be a complex polynomia of degree n  with
j=0

a; =a; +ib.,j=0412,......,Nn, where a; and bj are real numbers. If for some positive integers

| ,m<n and for some real numbers O<r,<10<r,<lk2>1,
n-l +1, n-| n-| 1 2
k" "a,>2k"a, >k 22 ...2ka,,>ka, 2a, ;>....2a,>ra,,
n—m+1 n-m n-m-1 2
K"™b,>k" ™, , 2k"™b, ,>....2k°b, 2kb 2b_,>....2b, >1 b,

then all the zerosof P(z)liein

z+k-1< | [(a +b,)—(r@g+r,by)+@—r )@ +@-r )|+ (ao|+|by)

+(k—1)Z(aj +\aj\)+Z(bj +b i) -la,|-[p|]".

In this paper we prove the following result which not only generalizes the above results but aso gives
many other results for different values of the parameters.

2. Theorems and Proofs

n .
Theorem 1. Let P(z):Z:ajzJ be a complex polynomial of degree N with

a; =a; +ib.,j=0412,......,n, where a; and bj are real numbers. If for some positive integers
I,mgnandforsomereal numbers O<r, <10<r, <1k >1k, >1,
k"' "a, >k""a, ,>k"" "a, ,>...2k’a, ,>ka, 2a, ;>...2a,>r,a,,

k,"™b, >k, b, >k,""b, ,>...>2k’b, ,>kb >b_,>...>b, >r b,

then all the zerosof P(z)liein
L (ki —Da, +i(k, ~Db,

a

[(a +b,) = (r@y+1,b0)+ @1 )R,

Y

n

+ (1= ,)|by| + (2| +|bo)
+(k—1)[i(a,- +\aij—<k1—1) la, |

+(k2—1)[i(bj +‘bj‘]—(k2—1)|bn| ]

Taking k =k,=k, r;=r,=r, in Theorem 1 we get Theorem G. Taking
ki =k,k, =1 r,=r,=1 and b,>0 in Theorem 1, we get Theorem E. Taking
ki =K, k,=mm=n, r,=r,=1and b, >0 in Theorem 1 we get Theorem F of Liman et
al.Taking | =n=m inTheorem 1,we get a Theorem of Gulzar [9,Theorem 1].

Taking k; =k, =1=r, =1, in Theorem 1 we get the following interesting result:
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n .
Corollary 1. Let P(z):Z:ajzJ be a complex polynomial of degree N  with
j=0

Re(a;)=a;.Im(a;)=b; for j=012,......,n, suchthat

a,>a,,>...>a,>a,,
b, >bn1_......2b12b0.'
Then P(z) hasal its zerosin the disk

1
<—fa, +b
s, @eb,)
Taking &, red, that is b]. =0 for j=0,1,2,........, nand a, > 0,Corollary 1 reducesto Enestrom-Kakeya
Theorem.
Taking | = m in Theorem 1, we get the following result:.

Corollary 2. Let P(2)=) a;z’be a complex polynomia of degree N  with

i=0

Re(a;)=a;.Im(a;)=b; for j=012,...,n, a, #0.If for some positive integer

i
| <n,0<r,<10<r, <Lk >1, k, >1,

k"M, >k"a, >k "a, , 2.2k, , >ka, >a, ;>...>a,>ra,,
kK" "b, >k,""'b, >k, b, ,>....2k, b, 2k,b, =b,  >...>b, >r b,
then al the zerosof P(z)liein
+(k1—1)an+i(k2—1)b 21
a, fad

[(a +b,)=(r@e+1,b0)+ @1 )R,
+ (L= ,)|by| + (2| + |bo)

+(k—1)[i(a,— +\aj\)J—(k1—1)|an |

+(k2—1)£zn:(bj +‘bjg—(k2—1)|bn| ]

Many other results may be deduced from Theorem 1 for different values of parameters.

Proof of Theorem 1: Consider the polynomial
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F(2)=(1-2)p(2)
=(1-2(a,z"+a 2"+ +a,z+a,)
=-a,2" + (8, —8,4)Z" + e +(a, —a,)z+ 4,
=—az"+@,-a,,)Z" + .. +(@,—a,)z+a,
+i{b, —by 1)2" + e + (b, — by )z+ b, |

=-a,z2" - (k,-Da,z"+(ka,-a,,)2" +(Kka,, —a,,)Z" " +.....

I -1 I -2

+(ka, ,-a,)2"+(ka, -a, )z +@,,-a, ,)Z "+(@, ,-a, )2 *+
+(a2—a1)22+(al—r1a0)z+(r1—1)aoz+a0—(kl—l)(anflz”’l+ ........ +a,,
+i{—(k, -Db, 2"+ (k,b, -b,_)z"+(k,b, ,—b ,)z"" +....

+(k,b,., b )z™ +(k,b, -b, )z"+(b,,—b, ,)z™"
+(b,,—b,)Z™ s +(b, —=b,)2° +(b, -1 ,b,)z+(r, -1)b,z+b,

— (K, =0, 12" + e+ b 2™ b 2" )]

=2"[ -a,z-(k,-Da,-ik,-Db, +(ka,-a,,)+ka,, —an_2)1+ ..........
z

1 1 1
tka ,-a))—57+ka, —-a, ))—+@ -2, )77
z y4 z
1 1 1
+(a|72—a|73)m+ ....... +(a2—al)?+(al—rlao)?
z z z
+(rl—1)a0%+aoin—(kl—1)(an1l+ ........ +a, ;114 j
z z y4 y4
+i{(k,b, —bn71)+(k2bnfl—bn72)£+ .......
ya
1 1 1
+(k2bm+1_bm)w-i_(kzbm_bm—l)w-"(bm—l_bm—z)m
1 1 1
+(b =0 )5t +(b, —bl)th(b1 rzbo)F

+(r2—1)b0%+%—(kz—l)(bn_1%+ ........ +bmzn—1_m)}]
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F@)|2] 2] [a,z+( -Da, +i(k, - Db, |- fka, —anl|+|klan1—an2||—i|
1 1
+ka, _alillw—'_lal{l_aliz||Z|nﬁ+|a|72_a|73||2|nﬁ -------
1 1 1 1
+|a2_a1|W+|al_rlao|W+|rl_1“aolw+laolw
1 1 1
—(k, -1 |a — +la, | —— |[+|k,b,—Db +|k,b_,—b — .
(1 ){l n—1||Z| | | ||Z|n_|j | 2~n n—1| | 2~ n-1 n—2||Z|
1 1 1
H1Kob oy = b [ H KD =D [+ D =D [t
| z| |z| |z|
1 1 1
+|bw2_bw3llzln—-wz+ ........ +|b2—bl|W+|bl—r2bo|W
1 | b, | 1 1
+|r2—l||bo|ﬁ+ On —(kz—l)[|bnl|—+ ........ +|bm|ﬁJ}]
| z| | z| | z| | z|

>z [a,z+(k ~Da, +i(k, Db, |~ { ka, —a,, +ka,,—a,,
+ka, —a,,+a, ,—a, ,+a, ,—a, g+
+a1_r1a0+(1_r1)|ao|+|ao|
+ (K, =D(|la,y [+ +]a, [)J+k,b, -b,, +k,b, ,—b
+k2bw1_bm+k2bm_bwl+bwl_bw2
+b bt +b,-b,+b, -1 ,b,
+(@=1,) by |+ [=(K =D by 4 | +ereeeeet | by, |)]

n—

:l Zln Hanz+(k1_1)an +i(kz _1)bn|_{(an + bn)—(l’ Qo+ T zbo)"‘(l_ rl) |a0 |+(1_ r 2) | bo |

+|a, |+b, |+(kl—1)(i(aj +‘aj‘)j—(kl—l)|an|+(k2—1)[Zn:(bj +\bj\J—(k2—1)|bn| 1]
>0 ) a

if
la,z+(k —Da, +i(k, ~Db,|> @, +b,) = (r @, +1,bp)+@A-r)[a, [+1-r,)|b, |

+lag |+ b, |+<k1—1)(i<aj +\aj@—(kl—1)|an|

+ (K, —1)(i(bj +\bjU—(k2 ~1)b,|

that is, if
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24 kA, ;'(kz —Db,| a[(an £b,) = (1 @41 ,00)+ (AT )ao|+A-T )|+ (@ o+ [0o])

n

+(k—1)(z(aj +\ai\)]—(kl—1)|an |
j=I
+ (K, —1)(Z(bj +‘bj‘j—(k2 ~1b,|
j=I
This shows that those zeros of F(z) whose modulusis greater than 1 liein

1
< a[(a” +b,) = (r@g,+r,be)+@=r )| +@-r,)[by|+ (ao|+|by)

S, (k=Da, +itk, ~1)b,
a,

n

+(k—n(i(aj +aj)j—(k1 ~Dla, |

n
+(k2 _]')(Z(bj +‘bj J_(kz _:D‘bn‘ ]
j=l
Since those zeros of F(z) whose modulusis less than or equal to 1 already satisfy the above inequality, it

followsthat all the zerosof F(z) and hence of p(z) liein

k. —Da _ +i(k, =1b 1
z+( 1) ”;I( ) “sa[(an+bn)—(rla0+r2b0)+(1—rl)a0+(1—r2)b0+(a0+b0)

+(k—1)(i(aj +\ai\>]—(kl—1)|an |

+(k, —1)(i(|oj +\bj\]—(k2 ~1b,| ]

This completes the proof of Theorem 1.
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