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Abstract 
In the present paper, expansions are obtained for density-independent pair distribution function 
and second virial coefficient for D-dimensional molecular fluid mixtures of dipolar hard D-
spheres in the semiclassical limit. Numerical results for the second virial coefficient are also 
estimated for binary mixture of (i) hard spheres and dipolar hard spheres and (ii) hard discs and 
dipolar hard discs. It is found that the quantum effects increase with increase of dipole moment 
µ2 as well as the concentration x2. The purpose of the present work is to develop a theory for 
calculating the low density properties of the polar hard D-sphere fluid mixture in the 
semiclassical limit. We have also developed the theory for estimating the quantum corrections 
to the density independent pair distribution function (PDF) and second virial coefficient of the 
polar D-sphere fluid mixtures. 
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Introduction 
We have developed a theory for calculating the quantum corrections to the low density 
equilibrium properties of polar hard D-sphere fluid mixtures with D=2 and 3 in the 
semiclassical limit. Equilibrium behaviour of pure polar hard sphere fluid (D=3) and their 
mixtures is of great importance. A considerable progress has been made for classical fluid and 
fluid mixtures of hard sphere molecules with additional electrostatics. Gokhul & Sinha (1997) 
have calculated the virial equation of state for classical polar hard D-sphere fluid mixtures 
with D=2 and 3. Rai et al. (1990) have calculated the first quantum corrections to the 
thermodynamics of polar hard sphere fluids and fluid mixtures. 
Moreover, we have also developed the theory for estimating the quantum corrections to the 
density independent pair distribution function (PDF) and second virial coefficient of the polar 
D-sphere fluid mixtures. 
 
Potential model 
We have considered a D-dimensional fluid mixture of hard D-sphere with embedded central 

point dipoles. In this case the pair potential is given by 

uab(rω1ω2) = u    (r) + u     (rω1ω2)        (1) 

Where u     is the hard sphere (or hard disc) potential 

  

 u    (r) =  ∞ , r<σab       

 (2) 

hc
ab

dd
ab

hc
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  = 0 , r>σab 

and u  is the dipole-dipole interaction given by 

u     (rω1ω2) = - (µaµb/rD)δD(1, 2)      

 (3)  

where µa is the dipole moment of a molecule of species a and δD (1, 2) is the angle-dependent 
part of interaction. For two-dimensional system (D=2) δD (1, 2) is given by  
δD (1, 2) = Cos(θa + θb - θab)       (4) 
Where θa, θb and θab are the angles that determine the orientation of molecules with respect 
to the line joining the centres of molecules. On other hand, δD(1, 2) for a three-dimensional 
system (D=3) is given by (Hirsch felder et al, 1954)     
   
δD(1, 2) = 2Cosθa Cosθb - Sinθa Sinθb Cosφab

     (5) 

Here θa, θb and φab = φa - φb determine the orientation of the molecules with respect to the line 
joining the centres of molecules. In Eq. (2) σab is the diameter between the hard D-spheres of 
species a and b. For unlike interactions, σab is given by  
                             σab = (σ11 + σ22) / 2 
 
 
Density independent pair distribution functions for D-dimensional molecular fluid 
mixture 
In analogy to that of pure fluid, it is shown that the path distribution function nab

2  (x1, x2), 
giving the probability of finding a molecules of species a at x1 = r1ω1 another molecule of 
species b at x2 = r2ω2, can be expanded in power of density pa = Na/V 

abn2  (x1, x2) = ρaρb
abw2  (x1, x2) + O (ρaρbρc)     

 (6) 
Where abw2  (x1, x2) is the two particle Slater sum. In the low density limit, the pair 
distribution function (PDF) defined as 
gab (x1, x2) = abn2  (x1, x2) / ρa ρb 

is equal to the Slater sum wab

2
(x1, x2). Thus the density independent PDF for D-dimensional 

system is defined as 

gab(x1x2) = wab

2
(x1, x2) = 2!λ D

ab

2
 (ga, gb)-1 ∑

x x

*
ψ (x1, x2) exp (-β 2

Λ

H )
x
ψ (x1, x2) (7) 

Where, 
Λ

2H  = ∑ ∑ ∑∑
= = ==

+∇−∇
2

1

2

1

2

1
21

22
2

1

22 ),()}2/2/
a a i

abwia
i

ria xxum    

 (8) 
and Ψx(x1, x2) is a set of orthogonal two particle wave functions. Using the centre of mass and 
relative coordinate R and r = (r1 - r2), we can write eq. (7) as 
 

dd
ab

dd
ab
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joining the centres of molecules. In Eq. (2) σab is the diameter between the hard D-spheres of 
species a and b. For unlike interactions, σab is given by  
                             σab = (σ11 + σ22) / 2 
 
 
Density independent pair distribution functions for D-dimensional molecular fluid 
mixture 
In analogy to that of pure fluid, it is shown that the path distribution function nab

2  (x1, x2), 
giving the probability of finding a molecules of species a at x1 = r1ω1 another molecule of 
species b at x2 = r2ω2, can be expanded in power of density pa = Na/V 

abn2  (x1, x2) = ρaρb
abw2  (x1, x2) + O (ρaρbρc)     

 (6) 
Where abw2  (x1, x2) is the two particle Slater sum. In the low density limit, the pair 
distribution function (PDF) defined as 
gab (x1, x2) = abn2  (x1, x2) / ρa ρb 

is equal to the Slater sum wab
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(x1, x2). Thus the density independent PDF for D-dimensional 

system is defined as 
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(x1, x2) = 2!λ D

ab

2
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 (8) 
and Ψx(x1, x2) is a set of orthogonal two particle wave functions. Using the centre of mass and 
relative coordinate R and r = (r1 - r2), we can write eq. (7) as 
 

dd
ab

dd
ab

3 

gab(x1x2) = 2D/2λD

ab  (ga, gb)-1 ∑
x x

*
ψ  (rω1ω2) exp [-β )()] 21ωωrH xrel Ψ

Λ

  

 (9) 

Where, 
Λ

relH  = -( 2 /mab) )()2/( 21

2

1

222 ωωω rul ab
i

iabr +∇− ∑∇
=

    

 (10) 
is relative Haliltonian of two particles of species a and b, mab = 2mamb/(ma+mb) and lab = 
2lalb(la+lb), where ma and la are, respectively, the mass and moment of inertia of a molecule of 
species a. In eq. (9), β = (KT)-1 (T being the absolute temperature and K be the Boltzmann 
factor). In the classical limit, eq. (9) reduces to classical PDF c

abg (rω1ω2), given by 

                               c
abg (rω1ω2) = exp [-βuab(rω1ω2)]     

 (11) 
 
In the semiclassical limit, for hard-core plus attractive tail potential, eq. (9) can be solved to 
give (Singh et al., 1991)  
                             gab(rω1ω2) = exp [-βuab(rω1ω2)] [ 1 + )( 21ωωrU m

ab  r ≥ σab  (12) 

    =  0      r ≤ σab 
     
Where, rotm

ab
mtr
ab

m
ab UUU ,+=         

 (13) 
with 

)()()( 21
,,

21
, ωωωω rUrUrU trP

ab
hcm

ab
trm

ab +=       
 (14) 

)()( 21
,

21
, ωωωω rUrU rotP

ab
rotm

ab =        
 (15) 
Here hcm

abU ,  is the 'modified' Ursell function of the hard D-sphere mixture, trP
abU ,  and rotP

abU ,  
are the 'modified' Ursell functions arising from the translational and rotational contributions 
of perturbation potential, respectively. They are given by 

)()/(3)/()2/1()[6/()( 2222
21

,
ab

p
ab

p
ab

p
abrab

trP
ab rruruUmrU σδββωω −∂∂+∂∂−∇−=   

 (16a) 
and 

∑
=

∇−∇−=
2

1

2222
21

, ])()2/1([)12/()(
i

p
abi

p
abiab

rotp
ab uulrU ωω ββωω      

 (16b) 
where, ( )/(0)()()[/ ababab

ohc
ab rrgr σλσδ +−=∂∂      

   
Here δ is the Dirac δ - function. In the semiclassical limit, hcm

abU ,  is given by (Singh et al., 1991) 
22, )/](22/)1[(]exp[)( abababab

hcm
ab DrU ξσλξ −+−−=  erfec ( )abξ    

 (17) 



A
ca

de
m

ic
 V

oi
ce

s,
 V

ol
. 5

, N
0.

 1,
 2

01
5

51

SEMICLASSICAL THEORY

4 

Here ]1)/)][(//()2[( 21 −= abababab r σσλπξ  and erfec ( )abξ  is the complementary error 
function. 

  The angle - averaged (density independent) PDF is defined as 

2121
00 )()( ωωωω >=< rgrg abab

(18) 
Where, <.......>ω1ω2 = 21

2 (...) ωω∫∫Ω−

(19) 
Substituting eq. (12) in eq. (18) and integrating over angles, we get 

>++=< *)(*)(*)(*)( ,,000 rgrgrgrg rotp
ab

trp
ababab r* ≥ σab 

 = 0 r* ≤ σab 

(20) 
Where 

∑
∞

=

++=
1

2*2*
2

,00 )]/))(()!2/((1*)][(1[*)(
2

n

Dnn
ab

D
n

hcm
abab rnarurg µ  

(21) 
∞

g p,tr (r*) = ((λ /σ )2 / 24π )[(4D + D 2 )r *2 −(6D / r*)δ (r *−1)]∑ (a /(2n −1)!)((µ *2

ab ab ab ab
D )2n / r *2Dn )2n

n=1

(22) 

∑
∞

=

−=
1

2*2*
2

*2, )/))(()!12/(()24/)/((*)(
2

n

Dnn
ab

D
nababab

rotp
ab rnaIrg µπσλ

(23) 

Where, r* = r/σab, 
2*

abµ =βµaµb/ D
abσ , λab = lab/mab

2
abσ  and 21

2
2 )2,1( ωωδ >=< n

D
D
na

The values of D
na2  for D = 2 and 3 are reported by (Singh et al., 1991) for the first few values of n.

Second virial coefficient of polar hard D-sphere fluid mixture 
We consider the second virial coefficient for D-dimensional fluid mixture of hard D-spheres 
with embedded central point dipoles. In this case pair potential is given by eq. (1). 

The second virial coefficient for the D-dimensional fluid mixture is given by 

B(D) = -(1/2) ∑ >−<∫
ba

abba rgdrxx
,

21212 ]1)([ ωωωω

(24) 
Where gab(rω1ω2) is the density independent PDF of the semiclassical molcular fluid mixture 
of species a and b, and xa =Na/N is the concentration of species a. For a polar hard D-sphere 
fluid mixture, gab(rω1ω2) is given by eq. (12) 

Substituting eq. (12) in eq. (24), we obtain an expression for B(D) in the form 
B(D) = Bc(D) + [Bqc(D)]tr + (Bqc(D)]rot 

(25) 
Where, 
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Bc(D) = -(1/2) 21
,

212 1)](exp[ ωωβ∑ >−−<∫
ba

abba xxudrxx     

 (26) 

[Bqc(D)]tr = -(1/2) 2121
,

,
212 )()](exp[ ωωβ >−<∫∑ xxUxxudrxx

ba

trm
ababba   

 (27) 

[Bqc(D)]rot = -(1/2) 2121
,

,
212 )()(exp[ ωωβ >−<∫∑ xxUxxudrxx

ba

rotm
ababba   

 (28) 
Here Bc(D) is the classical second virial coefficient of the polar hard D-sphere fluid mixture, 
[Bqc(D)]tr and [Bqc(D)]rot are the contribution to the quantum corrections to the second virial 
coefficient due to the translational and rotational parts, respectively. Here <(...)>ω1ω2 is given 
by eq. (19), where 
dωi  = dθi   for D = 2 
 = Sinθi dθi dϕ  for D = 3 
and for linear molecule, Ω = 2π for D = 2 and Ω = 4π for D = 3 
 Gokhul & Sinha have calculated the classical second virial coefficient of dipolar hard 
D-sphere, fluid mixture (with D = 2 and 3). Thus the result is  

Bc(D) = (πD/2/2Γ(1+D/2)) ∑∑
∞

=

−−
1

2*
2

,
])))(12()!2/((1[

n

n
ab

D
n

ba

D
abba nnaxx µσ   

 (29) 
Where Γ(l) is the Gamma function. eq. (29) is an exact expression for Bc(D) with D= 2 and 3. 
This is monatonically decreasing function of *

abµ . 

 In order to evaluate eq. (27), we make use of a Taylor expansion of dd
abµ (rω1ω2) about 

σab and substitute eq. (14) in eq. (27), we get the following expression for [Bqc(D)]tr for dipolar 
hard D-sphere fluid mixture. 
[Bqc(D)]tr =  (πD/2/2Γ(1+D/2))  
           
 (30) 
 
Where,  
          ( 2121 )(exp[))( ωωωωσβµ >−=< ab

dd
abtr

l
ab DB      

 (31) 
( )]()1(2/1()(exp[))( 21

'
2121 ωωσµβσωωωωσβµ ab

dd
ababab

dd
abtr

ll
ab DDB <−−>−=<  

 (32) 
         exp [-

∫
∞

− ∂∂<−+>
1

2
21

12
2121 *)/)*((**))1(4/1()]( rrurdrD dd

ab
D

ab
dd
ab ωωβωωωωσβµ  

         exp [-β 2121 )]*( ωωωω >ru dd
ab  

)/())()(22/[(
,

ababtr
l
ab

ba

D
abba DBDxx σλσ∑ ...])/())()(6/)1(( 2 +−+ ababtr

ll
ab DBDD σλπ
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Where, ruu dd
ab

dd
ab ∂∂= /' and r* = r/σab 

 
 
 Similarly substituting eq. (15) in eq. (28), we get 

[Bqc(D)]rot = (πD/2/2Γ(1+D/2)) ∑ +−
ba

ababrot
ll
abab

D
abba DBlDDxx

,

2* ...])/())()(6/)1([( σλπσ

 (33) 
Where,  
   
(

∫
∞

− >−∇<−=
1

212121
21* )]*(exp[)*(*))1(4/1())( ωωωωβωωβ ω rururdrDDB dd

ab
dd
abi

D
rot

ll
ab

  (34)  
          and 2* / abababab mll σ=  
 Finally eq. (25) can be written as 

B(D) = Bc(D) + (πD/2 /2Γ(1+D/2)) )/)(()(22/[(
,

abab
l
ab

ba

D
abba DBdxx σλσ∑   

  
 + (D(D-1)/6π) ( ...])/))(( 2 +abab

ll
ab DB σλ      

 (35) 
Where, tr

l
ab

l
ab DBDB ))(()( =         

 (36) 
            rot

ll
ababtr

ll
ab

ll
ab DBlDBDB ))(()())(()( 1* −+=      

 (37) 
Thus like one component fluid the first order quantum correction arises from the 
translational part only where as the second order quantum correction is due to the 
translational and rotational contributions. 
 In case ,0=dd

abu we have 

1)( =DBl
ab  

1))(()( == tr
ll
ab

ll
ab DBDB  

Which are correct for hard D-sphere fluid mixture (Mishra & Sinha, 1985) 
 For the dipole-dipole potential model given by eq. (3), the quantum correction terms 
are given by 

( 6*
6

4*
4

2*
2 ))(720/())(24/())(2/(1))(

222

ab
D

ab
D

ab
D

rt
l
ab aaaDB µµµ +−+=    

 (38) 
4*

2
2*

2
2 )()23)(1(48/)410(()())2)(1(4/)42((1))((

22

ab
D

ab
D

tr
ll
ab aDDDaDDDDDB µµ +−−−+−−−+=

                      +((5D2 + 18D + 4)/1440(D-1) (5D+2)) ....)( 4*
6

2

+ab
Da µ    (39) 

and 

6 

Where, ruu dd
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D
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∫
∞
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212121
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D
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ll
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l
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D
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l
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l
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ll
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Which are correct for hard D-sphere fluid mixture (Mishra & Sinha, 1985) 
 For the dipole-dipole potential model given by eq. (3), the quantum correction terms 
are given by 

( 6*
6

4*
4

2*
2 ))(720/())(24/())(2/(1))(

222

ab
D

ab
D

ab
D
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l
ab aaaDB µµµ +−+=    

 (38) 
4*

2
2*

2
2 )()23)(1(48/)410(()())2)(1(4/)42((1))((

22

ab
D

ab
D

tr
ll
ab aDDDaDDDDDB µµ +−−−+−−−+=

                      +((5D2 + 18D + 4)/1440(D-1) (5D+2)) ....)( 4*
6

2

+ab
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( ...))(2400/())(72/())(4/())( 6*
6

4*
4

2*
2

222

++−= ab
D

ab
D

ab
D

rot
ll
ab DaDaDaDB µµµ  

 (40) 
We calculate these coefficients using Pade' approximant constructed with last two terms in 
each series. 
We consider a binary mixture of hard D-sphere (Species 1) and dipolar hard D-sphere (species 
2) having the same diameters i.e. σ11 = σ22 = σ . Further we assumed that molecules of species 1 
and 2 interact via hard D-sphere potential. In this case the hard D-sphere is taken as the 
reference system. Then eq. (36) reduces to 

B(D) = Bc(D) + ...])/)()6/1(()/))(()(22/)[(( 2111 +−+ σλπσλ DBDDDBDDBc
HC

 (41) 
Where 
B1(D) = 1 + ]1)([ 22

2
2 −DBx l         

 (42a) 
B11(D) = 1 + ]1)([ 22

2
2 −DBx ll         

 (42b) 
(Baus & Colot, 1987) 

DDc
HC DDB σπ )]2/1(2/[)( 2/ +Γ=  

   is the classical second virial coefficient of the hard D-sphere fluid. 
 
Table 1 shows the magnitudes of the quantum correction coefficients for a binary mixtures of 
hard D- spheres and dipolar hard D-spheres (with D = 2 and 3) having the same diameter as a 

function of 2*µ ≡ 
2*

22µ  for x2 = 0.5 and 1.0. The values of B1(D) and B11(D) decrease with 
decrease of x2 and reduces to unity x2 = 0.0. Further we see that the second order quantum 
correction depends on the values of 2*µ  and l*, which the second order quantum correction 

depends only on the value of 2*µ . 
The second virial coefficient B*(D) = (B(D) / σD) for the binary mixture of hard discs and 
dipolar hard spheres (HS-DHS) are reported in Figs. 1 and 2, respectively, as a function of 

2*µ  with l* = 0.07 for x2 = 0.5 and 1.0 at λ/σ = 0.0 and 0.1. The case λ/σ = 0.0 corresponds to 

the classical values. We find that the quantum effects which increase with increase of 2*µ , 
decrease with increase of x2. 
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Conclusion 
  
From explicit expressions for the density independent PDF gab(rω1ω2) and second virial 
coefficient for the dipolar hard D-sphere fluid mixture, we find that the quantum effects 
increase with increase of 2*µ  as well as x2. 
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