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Abstract: In this paper, we briefly discuss the theory of weights and then define
A, and A, weight functions. Finally we prove some of the properties of Ap
weight function.
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1. Introduction

The theory of weights play an important role in various fields such as extrapolation theory,
vector-valued inequalities and estimates for certain class of non linear differential equation.
Moreover, they are very useful in the study of boundary value problems for Laplace's equation in
Lipschitz domains. In 1970, Muckenhoupt characterized positive functions w for which the
Hardy-Littlewood maximal operator M maps LP(R", w(x)dx) to itself. Muckenhoupt's
characterization actually gave the better understanding of theory of weighted inequalities which
then led to the introduction of A, class and consequently the development of weighted
inequalities.

2. Definitions

Definition: A locally integrable function on R" that takes values in the interval (0,00) almost
everywhere is called a weight. So by definition a weight function can be zero or infinity only on
a set whose Lebesgue measure is zero.

We use the notation w(E) = |, £ W(x)dx to denote the w-measure of the set E and we reserve the

notation L°(R",w) or LP(w) for the weighted LP spaces. We note that w(E)< o for all sets E
contained in some ball since the weights are locally integrable functions.

Definition: The uncentered Hardy-Littlewood maximal operators on R" over balls B is defined
as

1
M(f)(x) = sup Avg|f] = sup — f FO)ldy.
XEB B XEB |B| B

Similarly the uncentered Hardy-Littlewood maximal operators on R" over cubes Q is defined as
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1
M, (f)(x) = sup Avg|f| = sup — f FO)ldy.
X€EQ Q X€Q |Q| Q

In each of the definition above, the suprema are taken over all balls B and cubes Q containing the
point x. H-L maximal functions are widely used in Harmonic Analysis. For the details about the
H-L maximal operators, see [2].

Definition: A function w(x)>0 is called an A; weight if there is a constant C;>0 such that
M(w)(x)< C; w(x)
where M(w) is uncentered Hardy-Littlewood Maximal function given by

1
M(w)(x) = sup mf w(t)dt.
B

X€EB

If wis an A; weight, then the quantity (which is finite) given by
wlse = su lw@)|dt | [[w™]|
Wi, chbeﬁan<|Q|J ® ) Wl )
is called the A, characteristic constant of w.
Definition: Let 1 < p < oo. A weight w is said to be of class A, if [w] 4, is finite where [w] a, 18

defined as
-1

1 1 -1 \F
— I -1
W, = chbﬁs‘ian<|Q| f |w(x)|dx) <|Q| fQ WP dx)

We remark that in the above definition of A; and A, one can also use set of all balls in R" instead
of all cubes in R".

3. Properties

Now we state and prove some of the properties of Ap weight functions:

Property 1: Let k be a nonnegative measurable function such that k, k™' are in L*(R"). Then if w
is an Ap for some 1< p < oo, then kw is also an Ap weight function.

Proof: For kw to be an Ap weight function, we must show (as described in definition) [kw] a, <

oo, where [kw] Ap is given by;

1 1 ~1 P
T J oweola) (i f o o)

Note that k and k™' are in L*(R"), so we have ||k||.« < o and ||k ~!|| = < co. Using this together
with nonnegativity of k and k™', we have

1 1 -1 \P
<|Q|f |kw(x)|dx> (mf lkw(x)|P 1dx>
1 -1 P

<|Q|_[ (kw)(x)dx) <WL (kw(x))p 1dx>

-1

-1

-1
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-1 p—1
(IQIf k(x)w(x)dx) <|Q|f (k(x))”1 (w(x))ﬁdx)
-1 p—1
= (IQlf ”k”L""W(x)dx) (|Q|f (k™ 1||L°°)” 1o (w@))pt 1dx)

_ 1 \P1
< |1l o (I1k1] 0 ) 1(Wllfo W(x)dx> <|Qi|fQ (W(x))ﬁdx>

< |1kl (17 1] ) 7 W1a, < 0.
Now taking supremum over all cubes Q in R", we get [kw] a, < . This shows that kw is an Ap
weight.

Property 2: Suppose that w is in A, for some p € [1.00] and 0 < < 1. Then w? belongs to Ay
where q = 8p+1-8. Moreover, [w?] a, S [w]ﬁp.

Proof: We have
1

Ig(w) = <|;|f w5> (%L w‘s(l"’)dx>p_1

Ig(w) =

(G w®) (G ly wdx)"™ ()

Let us denote f(q) = (IQIf u dx)

function of q. For this we note that by Holder's inequality,
1 1
K

1 k , 1 1
f uldx < —f udkdx J 1¥dx | Vk>1,-+—=1.

Letq;>q. Setk = % > 1. One has

QR

,u = 0,q > 0. Next we claim that f(q) is an increasing

q

[TR——E
fuqus<f u‘hdx> Q| 4.
Q Q

Taking g-th root both sides, we have

1 1

fl@) = (@f uqu)a < (%I fQ u‘hdx)H = f(q1), Yq > q4. This proves the claim that f(q) is

an increasing function of q. Using the claim we have,
1

1f 53<1f Vo< 6
B, " ) =B

<1 (2)
From (1) and (2), we have,
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Iz(w) < (ﬁfB W)a (I%IIB w(l‘q)dx)q_1 < [W]ﬁp.

Thus, [WS]AP = suppcprlp(w) < [W]Ap'

Property 3: Show that if the A, characteristics constants of a weight w are uniformly bounded
for all p >1, then wis in A;.

Proof: As given, [w] 4, are uniformly bounded for all p > 1. Thus there exists a constant M < oo

such that [w] a4, =M for all p >1. For a fixed p >1, by definition we know that,

p-1

(w] <1f d)<1j P__11d>

w = Su —— w ax _— wre— X .
A = o pattsmrn \IB| Jg 1Bl ),

-1 p—1
So, (% Jo w dx) (I?%I Js Wﬁdx> < M for all balls B. Specifically, when p — 1, the
inequality holds. That is,

1

lim (- ax) (L[ witiax) = (2 ax ) |Iw| ., <M
i (g, o) (g, wrias) = (7, weoae e gy < .

This is true because

-1 p—l -1

. 1 — . 1\P _1,/p—1 . _1,p-1

lim (— Wp—ldx) = lim (—) w1 = lim w1
po1* 57 p1t () ”Lp%(s) ol lle—il(s)

and notice the fact that for 0 < g < p < oo, ||W_1||Lq ) < ||W_1||Lp )

Now taking supremum over all balls B, we get,

1 =
[W]a, = Supg (EfB w(x) dx) w1 e 5 SM <
Hence w is in A, by definition.

There are other properties of A, which can be proved using the elementary analysis tools. For
more properties, we refer [1, 2, 3].

4. Conclusion

We studied A, and A, weight functions and we proved some important properties of these weight
function using the elementary analysis tools.
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