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Abstract 

In this article the problem entitled when does every member of a class of operators T : E →Y admit an extension operator T̂ :
X → Y in different approaches like injective spaces, separably injective spaces, the class of compact operators and extension 
into C(K ) spaces has been studied. 
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1.     Introduction 

Let X and Y be Banach spaces and let E be a subspace of X. An operator T̂ : X → Y is said to be an 
extension of an operator T : E → Y if T̂ e = T e for all e ∈E. The general problem discussed below 
is the following: when does every member of a class of operators T :  E → Y admit an extension 
operator T̂ : X → Y (of the same class)? 

We will introduce here the basic definitions and describe the main extension problems. The starting 
point of all extension theories is the following extension theorem for linear functional. 

Theorem 0.1. [Hahn-Banach Theorem [?] Let X be a Banach space over the real or complex field F 

and let E be a subspace of X. Then every bounded linear functional e* : E → F can be extended  to a 

linear functional x* : X → F with ||x*|| = ||e*||.

Unfortunately, such perfection is rare; few extension theories which deal with more general operator 
extension problems can avoid compromises. To generalize the Hahn-Banach Theorem necessarily requires 
some restrictions: restrictions on the spaces X and E, restrictions on the range space Y, relaxation of the 

norm preservation condition ||T̂ || = ||T ||1 or restrictions on the class of operators to be extended. 

We start with a discussion about conditions on the domain space E which ensure, in full generality, the 
existence of bounded extensions of operators. 

1.1  The Injective Spaces 

Given a Banach space X, a subspace E of X and λ ≥ 1, we say that the pair (E, X) has the λ-
extension property (λ-EP, in short) if, for every Banach space Y , every operator T : E → Y admits an 
extension T̂ : X → Y with ||T̂ || ≤ λ||T ||. The pair (E, X) is said to have the Extension Property (EP 
in short) if for every space Y, every operator T : E → Y admits an extension T̂ : X → Y .
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These two properties are closely connected to the following: A Banach space E is called λ-injective or a 
Pλ s p a c e , if for every space X containing E there is a projection P of X onto E with ||P || ≤ λ. E is 
called injective (or a P space) if, for every X containing E, there is a projection of X onto E. The 
relations between the above properties are formulated in the following. 

Theorem 0.2: Let E be a Banach space and let λ ≥ 1. The following three assertions are equivalent, 

(1.1) E is λ-injective 

(1.2) For every space X containing E, (E, X ) has the λ-EP 

(1.3) For every pair of spaces Y ⊃ X , every operator T  : X  → E admits an extension 

T̂ : Y → E with ||T̂ || ≤ λ||T ||. 

This theorem shows that E is injective if and only if (E, X) has the EP for every X containing E
and this property is equivalent to (1.3) with the condition ||T̂ || ≤ λ||T || omitted. By using the third 
property (1.3) it is easily proved that every injective space is λ-injective for some λ ≥ 1. 

The problem of characterizing the P spaces is a long standing open problem in Banach space theory. 

1.2  Separably Injective Spaces 

An infinite dimensional separable Banach space is called separably injective if, for every separable space 
X containing E, there is a projection P of X onto E. 2Given λ ≥ 1, E is called λ-separably injective if 
the above condition is satisfied with the additional restriction ||P || ≤ λ.

Theorem 0.3: Let E be a separable Banach space and λ ≥ 1. Then the following assertions are 
equivalent: 

(1.4) E is λ-separably injective 

(1.5) For every separable X containing E, the pair (E, X ) has the λ-EP. 

(1.6) Let Y  ⊃ X be any separable  spaces. Then every operator T  : X  → E admits an extension T̂
: Y → E with ||T̂ || ≤ λ||T ||. 

The characterization problem of separably injective spaces has been completely s o l v e d .

1.3  The Class of Compact Operators 

An extension theory for compact operators was developed by J. Lindenstrauss. This theory establishes 
relations between extension properties of compact operators with intersection properties of balls and the 
special structure of the domain or range space X. 

Theorem 0.4: Let W be a subspace of a Banach  space X and let Q be an operator from a space Z
onto X  so that ||Q|| = 1 and Q(Ball(Z )) ⊃ δBall(X).  Let Y be any Banach space and suppose that 

every operator T : Q−1(W ) → Y admits an extension T̂ : Z → Y with ||T̂ II ≤ λ||T ||. Then any S : 

W → Y admits an extension Ŝ : X → Y with ||Ŝ|| ≤ λδ−1||S||. 

1.4  Extension into C (K) Spaces 

By restricting the range space Y to the class of L1(Ω, µ) preduals, we can nicely extend any compact 

operator T : E → Y to a compact operator T̂ : X → Y with ||T̂ || = ||T ||, whenever E ⊂X . Does 
the same restriction on Y make any operator T : E → Y extendable? The answer is negative in general. 
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However, positive partial results can be obtained in the special case of Y = C (K ), the space of 
continuous functions on a compact Hausdorff space K . For example, Lindenstrauss and Pe-lczyński 
proved the following: 

Theorem 0.5: ([Li-Pe 2] Theorem 3.1]). Let E be a subspace of c0 and let Y = C (K), for some 

compact Hausdorff s p a c e  K. Then any operator T : E → Y admits, for every ε > 0, an extension T̂ :
c0 → Y with ||T̂ || ≤ (1 + ε) ||T ||. 

3lt opens the door onto a new area. We start with the following: 

Definition:  Let X be a Banach space, let E be a subspace of X and let λ ≥ 1. We say that the 
pair (E, X ) has the λ − C(K) Extension Property  (λ − C(K ) EP, for short) if for every compact 
Hausdorff  space K , any operator T : E → C(K ) admits an extension T̂ : X → C(K ) with ||T̂ || ≤
λ||T ||. The pair (E, X) has the C(K)EP if it has the λ −C(K) EP for some λ ≥ 1. 

The restriction of the range space to the family of C(K) spaces provides us with a simple but effective 
tool in the form of the following. 
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