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Abstract
In this paper our result based on the charactérizatf Frechet spaces with nuclear Kothe quotiénia terms of
the following condition which labeled &) . We show that a Frechet spaces E satisfies cond#oii and only if
it has a quotient which admits continuous norm satisfies conditior®) . For the condition®), there exist$ such
that for every k there exists j such that [ closure off; is not closed |rE]
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1. Introduction

Frechet spaces have played an important role ictifumal analysis from its very beginning. Many kmne
spaces of holomorfic, differentiable or continudusctions which arise in connection with various
problems in analysis and its applications are eefiby (at most) countably many conditions, whence
they carry a natural Frechet topology (if they aneaddition, complete). C. Bessaga and A. Peldgyns
showed that a Frechet space fails to admit amootis norm if it has a subspace isomorphie ia
1957 [1]. If a Frechet space admits a continuoumrtben so does every subspace, which simplifies
problem a little. Again, in 1959, Bessaga, Pelsky and S. Rolewicz showed that a Frechet space
which admits continuous norm has a nuclear Kotlssace iff it is not Banach [2]. Thus it followsat,

in general, a Frechet space has a nuclear Kothepaae iff it has a non-Banach subspace which admits
continuous norm. If we consider only nuclear Freédpaces, then we are looking for Kothe quotients a
here the problem has a positive solution: evenjeaaucFrechet space not isomorphicatdias a Kothe
guotient. The proof is given in [3].

In the present paper we find some characterizatidhe Frechet spaces with nuclear Kothe quotiénts
view of the open mapping theorem the conditiohas the following equivalent formulation :
31 3Vk 3 j 3 sup {.IkueEl, I.I'<1} =

In this form our condition is very close to beingdaal to the following condition used by Bessaga,
Pelczynski and Rolewicz [4] in thier determinatiohthose Frechet spaces which have nuclear Kothe
subspaces:

Vk3jSsup{|x]|j: xY, ||X||k< 1} =
for every subspace y of E with finite co-dimension.
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It is easy to check that this conditionis independent of the choice &fiK).

For definitions and notations we refer to the bobks. Kothe [5]. Some of them which are used ir$ thi
paper are following:

2. Notations

E' — the dual of E will be considered to have tinerg topology from E
E* — the completion of E

E"— the dual of E'

AQ — the polar in E or E' whereAE or AS E'

|| ||k = the semi-norm on E, where K = 1,2,3...

|I-|I' kK = the dual norm on E'

(II [Ik) = the fundamental sequence of semi-norms

E'k — the Banach space determined by the unitdbditle dual norm ||-||' k on E', where
kN
3. Definitions

Definition 3.1. A Frechet space is a metrizable, complete cocalhwex vector space [6].

# Its topology is defined by an increasing sequearicgemi- normsl(l)k called a fundamental sequence
of semi-norms. If one of these semi-norms is a n@say that the space admits continuous norm.

# A metrizable topological vector space (TVS)asplete if every Cauchy sequence is convergent.[5,7

Definition 3.2. Nuclear kothe spaces are those Frechet spaced Wwhive quotients that are nuclear,
admit continuous norm and have a basis.

Definition 3.3. Let a linear subspace M of a linear space E,idenghe sets
XM)=X+M={X+Y:Y eM}

for each element X E. The collection of these so called equivalenasses becomes a linear space E/M,
the quotient space of E by M if

XM)+YM)=X+Y+M={X+Y+Z:Ze M}
and aX(M)=aX+M={aX+Z:ZeM}[8,9].
4. Theorems
Theorem 4.1. (Open Mapping Theorem)

If E and F are Frechet Spaces, A+E linear, continuous and surjective, then A is oféh
Theorem 4.2. (Bipolar Theorem)

If E is a locally convex and ME E absolutely convex then =M™ [6].

Theorem 4.3.

If Eis a Frechet Space and™E a closed subspace then M and E/M are FrecheeSpa

Coroallary 4.4.

If E is a Frechet Space then E' is a complete Ipcainvex space which has a countable fundamental
system of bounded sets.



S N. Sah/ BIBECHANA 11(1) (2014) 61-164: (OnlindPublication: March, 2014) p.1

Corollary 4.5.

If E is isomorphic to a countable product of Band&aces then E does not have a nuclear k
guotient.

Coroallary 4.6.
Every Frechet Montebpace not isomorphic to has a nuclear Kothe quotie
Proof:

If E is a Frechet Montel Space then E is separadereflexive. We will prove that E is not a quadiee.
Let E be the projective limit of the surjectiony: Ex.1—Ex . We may assume thakAnaps the unit ball
of Ex+1 on to the unit ball of . Also, since E is not isomorphic tbwe may assume tha; is infinite
dimensional. Then, viewing E as the projective tjritiis easy to see that {)eE: X is in the unit ball o
E«Vi} is closed, bounded subset of E. But the projection of #at in | is the unit ball so it is nc
compact [10,11]. Hence the set is not compactivhieh is a contradictio

We are now ready for the main result of this pa

Proposition 4.6.

A Frechet spce E satisfies conditic® iff it has a quotient which admits continuous nand satisfie:
condition®.

Pr oof:

Suppose that the Frechet space E satisfies cam+ . We may také=1 and j = k + lor this condition

LetM = (Ex')°° which, by the bipolar theorem, is the closureim £t the weak topology from E. Now w
prove that E/M° is the desired quotie

At first, we check that E/M° admits continuous noffor this, let x E and assume that the seminorr
E/M° induced by:Il, annihilates x + M°. This means tt
A(yn) C M°>3 limn Ix —ynll = 0.

Let ue M. Then, 3 - € E1 5 [u(x)v(X)| < 1.

So we have
(UG V)] + [u(x) V(X)] < V(X + ¥ )|+ 1.

Since ve E; it follows that lim v(x + yk) = 0, so |u(| < 1. This shows x M°, so the sen-norm induced
by I-1,, is a norm.

Next, we verify conditior® for E/M°. We fix k and let | be the unit ball ofl, in E. Since E satisfie
condition®, we have a sequence,) C Ej with lunl'y > 1 andunl’y,; < = . This implies that, €= Ug,,
~ Uy so a fortiori y & (U + M°)°. Moreover, if Xxe Uy.1,y € M°, then as e M, we havi

[nun(x+y) | =|nun (x< 1.
Hence y € (Uk+1 + M°)°. Thus we have prod that une = (Uk+1+ M?)°~ (Uk+M°)°. But, (E/M°)' =
M and the unit ball of the dual norm of the nornEiM° induced by || ||k is (Uk + M®)°. This provésit
E/M° satisfies conditior®.

Now, conversely assume that E/F be a quotient If (UK) is a fundamental sequence of nbds. ofiC
E then by general duality, (E/F)' can be represkagea vector subspace of E' and a fundam
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sequence agquicontinuous sets for (E/F)" is given bleoﬂ+-F°) K. So if E/F satisfies conditic® (say
with | = 1 and j = k+1) ther8 (u;) C F° and a sequence of constantg) (@th u, € (C,UP N F°) N (==
1

U2,,N F°) « (UPNF°) . It follows that ue Ej, |lun|f.; < 7 but since um F° then y& UP ; so || Wk
> 1. Therefore, E satisfies conditi®.

7. Conclusion

A Frechet space which admits continuous norm hascear Kothe subspace if and only if it is
Banach Thus it follows that, in general, a Frechet sphas a nuclear Kothe subspace iff it has &-
Banach subspace which admits continuous n
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