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Abstract 
In this paper our result based on the characterization of Frechet spaces with nuclear Kothe quotients is in terms of 

the following condition which labeled as ⍟. We show that a Frechet spaces E satisfies condition ⍟ if and only if 

it has a quotient which admits continuous norm and satisfies condition ⍟. For the condition ⍟, there exists ℓ such 
that for every k there exists j such that the ‖. ‖� closure of Eℓ

′  is not closed in E�
′. 

 
 

                        © 2014 RCOST:  All rights reserved.         
 

Keywords: Frechet spaces; Kothe spaces; Quotient. 
 

 

1. Introduction 

Frechet spaces have played an important role in functional analysis from its very beginning. Many linear 
spaces of  holomorfic, differentiable or continuous functions which arise in connection with various 
problems in analysis and its applications are defined by (at most) countably many conditions, whence 
they carry a natural Frechet topology (if they are, in addition, complete). C. Bessaga and A. Pelczynski 
showed that  a Frechet space fails to admit a continuous norm  if  it has a subspace isomorphic to ω in 
1957 [1]. If a Frechet space admits a continuous norm then so does every subspace, which  simplifies  the  
problem a  little.  Again, in 1959, Bessaga, Pelczynski and S. Rolewicz showed that a Frechet space 
which admits continuous norm has a nuclear Kothe subspace iff  it is not Banach [2]. Thus it follows that, 
in general, a Frechet space has a nuclear Kothe subspace iff it has a non-Banach subspace which admits 
continuous norm. If we consider only nuclear Frechet spaces, then we are looking for Kothe quotients and 
here the problem has a positive solution: every nuclear Frechet space not isomorphic to ω has a Kothe 
quotient. The proof is given in [3]. 
 
In the present paper we find some characterization of the Frechet spaces  with nuclear Kothe quotients. In 
view of the open mapping theorem the condition ⍟ has the following equivalent formulation : 
                                       ∃ ∋∋ ∃ ∋ l  k  j  sup {ǁ.ǁ'k:uϵEl', ǁ.ǁ'j≤1} = ∞  

 

In this form our condition is very close to being a dual to the following condition used by Bessaga, 
Pelczynski and Rolewicz [4] in thier determination of those Frechet spaces which have nuclear Kothe 
subspaces: 
 

                           ∋ k ∃ ∋ j  sup {||x||j : x ϵ Y, ||x||k ≤ 1} = ∞ 
 

for every subspace y of E with finite co-dimension. 
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It is easy to check that this condition ⍟ is independent of the choice of (ǁ·ǁk). 
    

For definitions and notations we refer to the book of G. Kothe [5]. Some of them which are used in this 
paper are following: 
 

2. Notations 
 

 E' – the dual of E will be considered to have the strong topology from E 
 E*  – the completion of E 
 E''– the dual of E'  
 A0 – the polar in E or E' where A⊆ ⊆ E or A  E'  
 ||· ||k –       the semi-norm on E, where K = 1,2,3,…….. 
 ||· ||' k – the dual norm on E'  
 (||· ||k) – the fundamental sequence of semi-norms 
 E'k – the Banach space determined by the unit ball of the dual norm ||· ||' k   on E', where         
                     k ϵ N 
 

3. Definitions 
 

Definition 3.1. A Frechet space is a metrizable, complete cocally convex vector    space [6]. 
  
# Its topology is defined by an increasing sequence of semi-   norms (ǁ·ǁ)k called a fundamental sequence 
of semi-norms. If one of these semi-norms is a norm we say that the space admits continuous norm.  
 

 # A metrizable topological vector space (TVS) is complete if every Cauchy sequence is convergent [5,7]. 
 
Definition 3.2.  Nuclear kothe spaces are those Frechet spaces which have quotients that are nuclear, 
admit continuous norm and have a basis. 
 

Definition 3.3.  Let a linear subspace M of a linear space E, consider the sets 
           

  X (M) = X + M = {X + Y : Y ϵ M} 
 

for each element X ϵ E. The collection of these so called equivalence classes becomes a linear space E/M, 
the quotient space of E by M if 
 
        X(M) + Y(M) = X + Y + M = {X + Y + Z : Z ϵ M} 
and   αX(M) = αX + M = {αX + Z : Z ϵ M} [8,9]. 
 
4. Theorems 
  

Theorem   4.1.  (Open Mapping Theorem) 
 

If E and F are Frechet Spaces, A:E→F linear, continuous and surjective, then A is open  [6]. 
 
Theorem  4.2. (Bipolar Theorem)  
 

If E is a locally convex and M ⊂ E absolutely convex then M00 =M- [6]. 
 

Theorem  4.3.   
 

If  E is a Frechet Space and M ⊂ E a closed subspace then M and E/M are Frechet Spaces. 
 

Corollary  4.4.    
 

If E is a Frechet Space then E' is a complete locally convex space which has a countable fundamental 
system of bounded sets. 
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Corollary  4.5. 
 

If E is isomorphic to a countable product of Banach Spaces then E does not have a nuclear Kothe 
quotient. 
 

Corollary  4.6.   
 

Every Frechet Montel Space not isomorphic to 
 

Proof: 
 

If E is a Frechet Montel Space then E is separable and reflexive. We will prove that E is not a quojection. 
Let E be the projective limit of the surjections A
of EK+1 on to the unit ball of EK . Also, since E is not isomorphic to 
dimensional. Then, viewing E as the projective limit, it is easy to see that {(x
Ek∋k}  is closed, bounded subset of  E. But the projection of this set in E
compact [10,11]. Hence the set is not compact in E which is a contradiction.
 

We are now ready for the main result of this paper. 
 

Proposition 4.6.  
 

A Frechet space E satisfies condition 
condition ⍟.  
 

Proof:  
 

Suppose that the Frechet space E satisfies condition 

Let M = ( )°° which, by the bipolar theorem, is the closure of  in 
prove that E/M° is the desired quotient. 
  
At first, we check that E/M° admits continuous norm. For this, let x 
E/M° induced by ǁ·ǁl, annihilates x + M°. This means that 
       ∃ ⊂(yn)  M° ϶ limn ǁx 

Let u ϵ M. Then, ∃ �  ϵ  ϶ |u(x)-v(x)| 
 

So we have  
 |u(x)| ≤ |v(x)| + |u(x) - v(x)| 
 

Since v ϵ E'l  it follows that lim v(x + yk) = o, so |u(x)
by  ǁ·ǁl, is a norm.  
  
Next, we verify condition ⍟ for E/M°. We fix k and let U
condition ⍟, we have a sequence (u
~ U�

	 so a fortiori un ∉ (Uk + M°)°. Moreover, if x 
                                      |nun(x+ y) | =|nun (x)| 
 

Hence un  ϵ �
�
 (Uk+1 + M°)°. Thus we have prove

M and the unit ball of the dual norm of the norm in E/M° induced by ||· ||k is (Uk + M°)°. This proves that 
E/M° satisfies condition ⍟.  
             
Now, conversely assume that E/F be a quotient of E. 
E then by general duality, (E/F)' can be represented as a vector subspace of E' and a fundamental 
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If E is isomorphic to a countable product of Banach Spaces then E does not have a nuclear Kothe 

Space not isomorphic to ω has a nuclear Kothe quotient. 

If E is a Frechet Montel Space then E is separable and reflexive. We will prove that E is not a quojection. 
Let E be the projective limit of the surjections AK: EK+1→EK . We may assume that AK

. Also, since E is not isomorphic to ω we may assume that E
dimensional. Then, viewing E as the projective limit, it is easy to see that {(xk)ϵE: xk is  in the unit ball of 

ed, bounded subset of  E. But the projection of this set in El is the unit ball so it is not 
compact [10,11]. Hence the set is not compact in E which is a contradiction. 

We are now ready for the main result of this paper.  

ace E satisfies condition ⍟ iff it has a quotient which admits continuous norm and satisfies 

Suppose that the Frechet space E satisfies condition . We may take ℓ=1 and j = k + 1fo�

° which, by the bipolar theorem, is the closure of  in  the weak topology from E. Now we 
prove that E/M° is the desired quotient.  

At first, we check that E/M° admits continuous norm. For this, let x ϵ E and assume that the seminorm in 
l, annihilates x + M°. This means that  

϶ limn ǁx – yn ǁl = 0.  
 

v(x)| ≤ 1.  

v(x)| ≤ |v(x + yn )|+ 1.  

it follows that lim v(x + yk) = o, so |u(x)| ≤ 1. This shows x ϵ M°, so the semi

for E/M°. We fix k and let Uk be  the  unit  ball of ǁ·ǁk  in E. Since E satisfies 
we have a sequence (un) ⊂ E'l with ǁunǁ'k > 1 and ǁunǁ'k+1 ≤  �

�
  . This implies that,  u

+ M°)°. Moreover, if x ϵ Uk+1,y ϵ M°,  then as un  ϵ M, we have
|nun(x+ y) | =|nun (x)| ≤ 1.  

(Uk+1 + M°)°. Thus we have proved that un ϵ  �
�
  (Uk+1+ M°)°~ (Uk+M°)°. But, (E/M°)' = 

M and the unit ball of the dual norm of the norm in E/M° induced by ||· ||k is (Uk + M°)°. This proves that 

Now, conversely assume that E/F be a quotient of E. If (Uk) is a fundamental sequence of  nbds. of 0 for 
E then by general duality, (E/F)' can be represented as a vector subspace of E' and a fundamental 
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If E is isomorphic to a countable product of Banach Spaces then E does not have a nuclear Kothe 

If E is a Frechet Montel Space then E is separable and reflexive. We will prove that E is not a quojection. 
 maps the unit ball 

 we may assume that El is infinite 
is  in the unit ball of 

is the unit ball so it is not 

iff it has a quotient which admits continuous norm and satisfies 

1for this condition. �

the weak topology from E. Now we 

 E and assume that the seminorm in 

 M°, so the semi-norm induced 

in E. Since E satisfies 
. This implies that,  un ϵ	

�

�
 U���
	  

 M, we have 

(Uk+1+ M°)°~ (Uk+M°)°. But, (E/M°)' = 
M and the unit ball of the dual norm of the norm in E/M° induced by ||· ||k is (Uk + M°)°. This proves that 

If (Uk) is a fundamental sequence of  nbds. of 0 for 
E then by general duality, (E/F)' can be represented as a vector subspace of E' and a fundamental  
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sequence of equicontinuous sets for (E/F)' is given by (  

with l = 1 and j = k+1) then ∃ (un) 

U���
� ∽∩ F°)  (U�

�∩F°) . It follows that un
> 1. Therefore, E satisfies   condition 
   
7. Conclusion 
    

A Frechet space which admits continuous norm has a nuclear Kothe subspace if and only if it is not 
Banach. Thus it follows that, in general, a Frechet space has a nuclear Kothe subspace iff it has a non
Banach subspace which admits continuous norm. 
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